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NECK-PINCHING OF CP1-STRUCTURES IN THE
PSL(2,C)-CHARACTER VARIETY
SHINPEI BABA
Abstract. Let S be a closed oriented surface of genus at least two. We consider a path of
CP1-structures Ct on S leaving every compact subset in the deformation space of (marked)
CP1-structures on S, such that its holonomy pi1(S)→ PSL(2,C) converges in the PSL(2,C)-
character variety. In this setting, it is known that the complex structure Xt of Ct also leaves
every compact subset in the Teichmüller space.
In this paper, under the assumption that Xt is pinched along a single loop m, we describe
the limit of Ct in terms of the developing maps, holomorphic quadratic differentials, and
pleated surfaces. Moreover, we give an example of such a path Ct whose the limit holonomy
is the trivial representation in the character variety.
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1. Introduction
Given a CP1-structure on a (connected) closed oriented surface S of genus at least two, its
holonomy is a homomorphism pi1(S) → PSL(2,C), uniquely determined up to conjugation
Date: July 24, 2019.
1
ar
X
iv
:1
90
7.
00
09
2v
3 
 [m
ath
.G
T]
  2
3 J
ul 
20
19
July 24, 2019 July 24, 2019, page 2
by PSL(2,C). This correspondence yields the holonomy map
Hol : P→ χ,
where P is the deformation space of all (marked) CP1-structures on S and χ is the PSL(2,C)-
character variety of S.
Hejhal [Hej75] proved that Hol is a local homeomorphism (moreover, it is locally biholo-
morphic map [Hub81], [Ear81]); however it is not a covering map onto its image ([Hej75]).
Thus a main problem of CP1-structures is to understand the global behavior of Hol.
Throughout this paper, let Ct (t > 0) be a path of CP1-structures in P such that
(1) Ct leaves every compact subset in P(∼= R12g−12) at t→∞, and
(2) the holonomy ηt ∈ χ of Ct converges to η∞ ∈ χ as t→∞.
Kapovich [Kap95] raised the following problem: What is the asymptotic behavior of Ct?
(See also [GKM00, Problem 12.5.1].)
In this paper, we give the answers to this question in a special case yet from different
view points, creating a new type of degeneration. Although ηt is a strongly irreducible
representation for each t ≥ 0, η∞ may be reducible, or even, the identity representation,
which we construct in §13. (It may be worth noting that we do not assume any regularity
of the path ηt especially at t =∞.)
1.1. Pinching loops on Riemann surfaces. Let Xt be the complex structure of Ct for
each t ≥ 0. Then, the conditions (1) and (2) imply that Xt must also leave every compact
subset in the Teichmüller space T by the work of Kapovich and Tanigawa (see Corollary
2.2).
We focus on the following type of degeneration of Xt. Given a path Xt ∈ T , Xt is
pinched along a loop m if
• lengthXtm→ 0, and• if an essential loop ` in S \ m is not homotopic to m, then lengthXt ` is bounded
between two positive numbers for all t ≥ 0.
Here “ lengthXt ” is either the extremal length of Xt or the hyperbolic length of the uni-
formization of Xt. (In the augmented Teichmüller space, the above definition of pincing
is equivalent to saying that Xt accumulates to a compact subset of the boundary stratum
which corresponds to m having zero length.)
A multiloop is a union of disjoint finitely many essential simple closed curves. Then,
similarly, we say that Xt is pinched along a multiloop M on S, if, for each (essential) loop
m of M , lengthXtm→ 0 as t→∞ and for each loop ` in S \M not homotopic to a loop of
M , lengthXt ` is bounded between two positive numbers for all t ≥ 0.
1.2. Asymptotic behaviors. One of our main results is that tr η∞(m) must be ±2. In
other words, the holonomy along m at t = ∞ corresponds to either (i) a parabolic matrix
or (ii) the identity matrix in PSL(2,C). We will describe, in both Cases (i) and (ii), the
asymptotic behavior of Ct from three different perspectives of CP1-structures:
(A) A holomorphic quadratic differential on a marked Riemann surface homeomorphic to S
(Schwarzian parameters).
(B) A hyperbolic structure on S and a measured lamination, which induces an equivariant
pleated surface H2 → H3 (Thurston parameters).
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(C) A developing map f : S˜ → CP1 and a holonomy representation ρ : pi1(S)→ PSL(2,C).
The residue of a meromorphic quadratic differential q at a pole is the integral of ±√q
around the pole, which is well-defined up to sign (see [GW]). Given a pole of order two,
letting r be its residue, q is expressed as r2/z−2dz2 for an appropriate parametrization in a
neighborhood of the pole (see [Str84, Theorem 6.3]).
Let X be a nodal Riemann surface, and let X˚ be the smooth part of X. Then the
normalization X of X is the smooth Riemann surface together with a continuous map
ξ : X → X such that ξ is a biholomorphic in ξ−1(X˚) and for each node p of X, ξ−1(p)
consists of exactly two points. A regular quadratic differential on X is a meromorphic
quadratic differential q¯ on X such that
• each point of q¯ has an order at most two and it maps to a node of X, and
• if z1, z2 on Z map to the same node on X, then the residue around z1 is equal to that
of z2
(see [Ber74] [LZ]).
For (A), the path Ct corresponds to a path of pairs (Xt, qt), t ≥ 0, where Xt is a marked
Riemann surface homeomorphic to S and qt is a holomorphic quadratic differential qt on Xt
for all t ≥ 0.
Theorem A. Suppose that Xt is pinched along a loop m. Then exactly one of the following
holds:
(i) Xt converges to a nodal Riemann surface X∞ with a single node, and qt converges to a
regular quadratic differential on X∞ such that the residue around the pole is a non-zero
multiple of
√
2pi (Theorem 9.9.)
(ii) For every diverging sequence 0 ≤ t1 < t2 < . . . , up to a subsequence, Xti converges to a
nodal Riemann surface X∞ with a single node and qti converges to a regular quadratic
differential q∞ on X∞ such that the residue of each pole is a non-zero multiple of
√
2pi.
(Theorem 12.21.)
Suppose that Xt is pinched along a multiloop M consisting of n loops. Then, for every
diverging t1 < t2 < . . . , there is a subsequence such that Xti converges a nodal Riemann
surface X∞ with n nodes and qt converges to a meromorphic quadratic differential q∞ on
X∞ which may has such that each node of X∞ is, at most, a pole of order two. (Corollary
7.4.)
The convergence of the holomorphic quadratic differential in Theorem A is normal conver-
gence, and in particular, the CP1-structure Ct converges to the CP1-structure corresponding
to (X∞, q∞) minus the node, uniformly on compact subset.
The character variety χ is the GIT-quotient of the space of homomorphisms pi1(S) →
PSL(2,C), the representation variety (see §3). In oder to have an equivariant object as a
limit of Ct, we pick a lift ρt : pi1(S)→ PSL(2,C) of ηt ∈ χ, such that ρt converges, as t→∞,
to a homomorphism ρ∞ : pi1(S) → PSL(2,C) which corresponds to η∞ (as η∞ may be an
elementary representation, the existence of such a lift is not obvious); see Proposition 3.2.
Let N be a regular neighborhood of m in S.
For t ≥ 0, let Ct ∼= (τt, Lt) be Thurston parameters, where τt is a path of marked
hyperbolic structures on S and Lt is a path of measured laminations on S (§2.1.2). Fixing
a marking ιt : S → τ in its isotopy class, (τt, Lt) yields to a ρt-equivariant pleated surface
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βt : S˜ ∼= H2 → H3, which changes continuously in t ≥ 0. Then, in fact, βt converges to a
continuous map, in Case (ii), up to a subsequence:
Theorem B. Suppose that Xt is pinched along a loop m. Then, by taking an appropriate
path of markings ιt : S → τt, exactly one of the following holds:
(i) ρ∞(m) ∈ PSL(2,C) is parabolic, and βt : S˜ → H2 converges to a ρ∞-equivariant con-
tinuous map β∞ : S˜ → H3 ∪ CP1 uniformly on compact subset, such that β−1∞ (CP1)
descends to m (Theorem 9.5).
(ii) ρ∞(m) is the identity in PSL(2,C), and, for every diverging sequence t1 < t2 < . . . ,
there is a subsequence so that βti : S˜ → H3 converges to a ρ∞-equivariant continuous
map β∞ : S˜ → H3 ∪ CP1 such that β−1∞ (CP1) descends either to the loop m or to a
subsurface isotopic to one or two components of S \N (§12.0.1.)
ft : S˜ → CP1 be the developing map of Ct which is a ρt-equivariant continuous local
homeomorphisms, and ft changes continuously in t ≥ 0. Let N be a regular neighborhood
of m. For each component N˜ of φ−1(N), by abuse of notation, we regard the loop m also
as the element of pi1(S) which preserves N˜ . We show that the developing map ft converges
in the complement of φ−1(N), and the asymptotic behavior on ∂φ−1(N) is well controlled
by the holonomy of ρt(m). t Hyperbolic structures are in particular CP1-structures. If a
hyperbolic surface has a cusp, it has a neighborhood obtained by quotienting a horodisk in
H2 by the cyclic group generated by a parabolic holonomy around the puncture. If a general
CP1-structure has a cusp, its neighborhood is either a horodisk quotient (uniformizable) or
a grafting of a horodisk quotient. (See Proposition 5.2. )
Theorem C. Suppose that Xt is pinched along a loop m. Then exactly one of the following
two holds.
(i) ρ∞(m) is parabolic,
• the restriction of ft : S˜ → CP1 to S˜ \φ−1(N) converges to a ρ∞-equivariant contin-
uous map f∞ : S˜\φ−1(N)→ CP1, such that the boundary components of S˜\φ−1(N)
map to its corresponding parabolic fixed point (Theorem 9.3), and
• moreover, if the cusps of C∞ have horodisk quotient neighborhoods, then ft : S˜ →
CP1 converges to a ρ∞-equivariant continuous map f∞ : S˜ → CP1, and, in fact,
there is a multiloop M which is a union of finitely many parallel copies of m such
that f∞ is a local homeomorphism exactly on S˜ \ φ−1(M), and f∞ takes each
component m˜ of φ−1(M) to its corresponding parabolic fixed point (Theorem 9.6).
(ii) ρ∞(m) = I, and for every diverging sequence t1 < t2 < . . . , there is a subsequence such
that
• the restriction of fti to S˜ \ φ−1(N) converges to a ρ∞-equivariant continuous map
f∞ : S˜ \ φ−1(N)→ CP1, and
• Axis(ρti(m)) converges to a geodesic in H3 or a point in CP1 so that f∞ takes the
boundary components of N˜m onto the ideal points (in CP1) of limi→∞Axis(ρti(m))
(Theorem 12.1).
(See Definition 3.6 for the axes of matrices in PSL(2,C).)
Remark 1.1. A (2pi-)grafting is a (cut-and-paste) operation of a CP1-structure , and it
yields a new CP1-structure with the same holonomy, by inserting an appropriate cylinder
along an (admissible) loop ([Gol87], see also [Kap01, Bab]). In the second part of (i) in
Theorem C, each component of the multiloop (except one) corresponds to a 2pi-grafting along
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m. To be more precise, there a continuous family of admissible loops mt on Ct homotopic
to m for sufficiently large t > 0, such that the grafting Grmt Ct of C along mt yields a very
similar diverging path in P except that the number of the loops of M increases by one.
In fact, Cases (i) and (ii) in Theorem A, Theorem B, and Theorem C correspond. In
particular the Type (i) degeneration occurs on the boundary of the quasi-Fuchsian space, by
pinching a loop on a Bers slice.
On the other hand, the Type (ii) degeneration is new indeed. In particular ηt must
be non-discrete representation for all sufficiently large t > 0, possibly except at t = ∞
(Theorem 12.22). Notice that if the peripheral loop of a cups of a CP1-structure has trivial
holonomy, then the CP1-structure can be deformed without changing the holonomy (of the
entire surface), by moving the cusp (c.f. Theorem 5.7). Then, since ρ∞(m) = I, therefore it
is necessarily to take a subsequence. In §13, we give examples of Type (ii) degenerations.
The integration of √qt yields a singular Euclidean structure Et on Xt (see for example,
[FM12]). A main step to the proof of the main theorem is to give a upper bound for the
injectivity radius of Et for all t ≥ 0 (Theorem 6.1). The existence of such an upper bound
is equivalent to the upper bound of L∞-norml of qt. Such an upper bound yields a certain
bound for Ct.
Recall that the holonomy map Hol is a local homeomorphism for the closed surface S.
However, in this paper, we also consider CP1-structure with cups, such the punctures are
at most poles of order two. The holonomy theorem is proved for typical CP1-surfaces cusps
by Luo ([Luo93]). (For higher order poles, see a recent preprint [AB] ). However, in their
theorems, the holonomy arounds the punctures are non-trivial (in their words, no “apparent”
singularities. ) In order to have a convergence of Ct in its thick part, we prove a holonomy
theorem (Theorem 5.7) for the developing pairs of CP1-structures allowing trivial holonomy
around punctures.
Gallo, Kapovich, and Marden algebraically characterized the image of Hol, and it is
almost onto one of the two components of χ ([GKM00]). To be more precise, ρ : pi1(S) →
PSL(2,C) ∈ Im Hol if and only if Im ρ is non-elementary and ρ lifts to a homomorphism
from pi1(S) into SL(2,C). As an example of Type (ii) degeneration, we construct a path Ct
whose holonomy limits to an elementary representation, or even to the trivial representation
in the space of representations (§13).
If a holonomy of CP1-structure around a puncture is trivial, as stated above, the corre-
spondence between CP1-structures and holonomy representations are loose. A non-elementary
subgroup of PSL(2,C) has a non-trivial stabilizer, a similar difficulty occurs when the limit
holonomy of a component of S \m elementary. The subtlety of the main theorems is to due
to such flexibility.
1.3. Outline of this paper. In §2, we recall CP1-structures, and Schwarzian parameters,
Thurston parameters, and Epstein surfaces for CP1-structures. In §3, we show a lifting
property of paths in the character variety to paths in the representation variety. In §4, we
give some estimates of Epstein surfaces based on Dumas’ work [Dum17]. In §5, we prove
a holonomy theorem for the space of developing pairs of CP1-structures on surfaces with
punctures, where punctures are at most poles of oder two. This holonomy theorem is crucial
for the convergence on Ct in every thick part.
In §6, we show that there is an upper bound for the upper injectivity radius of Et for all
t ≥ 0.
5
July 24, 2019 July 24, 2019, page 6
In §7, we show that Ct converges every thick part as t → ∞, so that Ct converges to a
CP1-structure on a surface with two punctures homeomorphic to S \m. In §8, we state our
main theorems, and prove some properties of developing maps of surface with punctures. The
limit holonomy around m can only be parabolic or the identity. This will be shown, in §10
11, by supposing that the limit holonomy is parabolic or elliptic and reducing a contradiction
against the convergence of the holonomy. In §9, we determine the asymptotic behavior of Ct
when ρ∞(m) is parabolic. In §12, we give the asymptotic behavior of Ct when ρ∞(m) = I.
In §13, we give new examples realizing (ii) in Theorem A, Theorem B, Theorem C.
1.4. Acknowledgements. I thank Dick Canary, David Dumas, Ko Honda, Misha Kapovich,
and John Porti. The work done here is partially supported by German Research Foundation
(BA 5805/1-1), GEAR Network (U.S. National Science Foundation grants DMS 1107452,
1107263, 1107367), and a JSPS Grant-in-Aid for Research Activity start-up (18H05833).
2. Preliminaries
2.1. CP1-structures. (General references of CP1-structures are fund in [Dum09, Kap01].)
A CP1-structure C on S is a (CP1,PSL(2,C))-structure, i.e. an atlas of charts embedding
into CP1 with transition maps given by PSL(2,C) (also called a complex projective structure).
Let S˜ be the universal cover of S. Then a CP1-structure is, equivalently, a pair (f, ρ) of
a local homeomorphism f : S˜ → CP1 and a homomorphism pi1(S) → PSL(2,C) such that
f is ρ-equivariant. The map f is called the developing map and ρ is called the holonomy
representation of C.
The pair is defined up to PSL(2,C), i.e. (f, ρ) ∼ (αf, αρα−1) for all α ∈ PSL(2, C).
Thus the holonomy is in the character variety.
2.1.1. Schwarzian parametrization. Each CP1-structure corresponds to a holomorphic qua-
dratic differential q on a marked Riemann surface X. Thus the deformation space P of
CP1-structures is an (affine) vector bundle over the Teichmüller space T, such that a fiver
over a Riemann surface X is the vector space Q(X) of holomorphic quadratic differentials
on X. In this paper, considering the uniformization map Π: P→ T, we regard the space of
marked hyperbolic structures on S as our (smooth) zero section.
Although Hol : P→ χ is a highly non-proper map, for each X ∈ T, the restriction of Hol
to the space Q(X) is a proper embedding onto a complex analytic subvariety of χ ([GKM00]).
Moreover
Theorem 2.1 ([Kap95, Tan99]). For every compact subset K of T, the restriction of Hol to
Π−1(K) is a proper map.
Corollary 2.2. Suppose that Ct ∈ P leaves every compact subset in P and its holonomy ρt
converges in χ. Then the complex structure Xt of Ct also leaves every compact subset in T
as t→∞.
2.1.2. Thurston’s parametrization of CP1-structures. ([KP94, KT92], see also [Bab]. ) Thurston
gave a homeomorphism
P ∼= T×ML,
where T is the space of marked hyperbolic structures on S and ML is the space of measured
laminations on S.
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A pair (τ, L) ∈ P×ML yields a pleated surface H2 → H3 equivariant under the holonomy
pi1(S) → PSL(2,C) of its corresponding CP1-structure on S. A collapsing map κ : C → τ
is a marking preserving continuous map, and there is a measured lamination L on C which
descends L by κ, preserving strata. Moreover, κ which relates the developing map f : S˜ →
CP1 and the pleated surface β : H2 → H3 in an equivariant manner: For each z ∈ S˜, let
Bz be the maximal ball in C˜ whose core contains z, and let Ψz : Bz → Conv∂∞Bz ⊂ H3
denote the orthogonal projection, where Conv∂∞Bz is the hyperbolic plane bounded by the
boundary circle. Namely,
β ◦ κ˜(z) = Ψzf(z),
where κ˜ : C˜ ∼= H2 → τ˜ be the lift of κ to a map between universal covers.
2.2. Epstein maps. Let C = (X, q) be a CP1-structure on S, where X is the complex
structure of X, and q is a holomorphic quadratic differential on X. Then, the integration of√
q along paths yields a singular Euclidean metric E on X in the same conformal class (see
for example [FM12]). In the complex plane, the directions parallel to the imaginary axis are
called vertical, and the directions parallel to the real axis are called horizontal. Then, by
pulling back the vertical and the horizontal lines of C, we obtain a vertical singular foliation
V and a horizontal singular foliation H on E which are orthogonal.
Given a point x ∈ H3, we can normalize the disk model of H3 so that x is the center
of the disk; then the ideal boundary of H3 has the spherical metric uniquely determined by
x ∈ H3.
Theorem 2.3 (Epstein [Eps]). Given a CP1-structure C = (f, ρ) on S, there is a unique
continuous ρ-equivariant map Ep: X˜ → H3, such that, for every point z ∈ X˜, the Euclidean
metric of E˜ at z agrees with the spherical metric at f(z) ∈ CP1 when CP1 is identified with
S2 so that Ep(z) ∈ H3 is at the center of the disk model of H3.
Moreover Ep: X˜ → H3 is smooth away from the singular points of E˜ (see Equation (3.1)
in [Dum17]).
Let UH3 denote the unite tangent bundle of H3. Moreover Ep lifts to a (Legendrian)
immersion Ep∗ : TE˜ → U(H3) ([Dum17, Lemma 3.2]) which is a unit normal to Ep: X˜ → H3
in the complement of the singular points of E. For z ∈ X˜, let d(z) denote the Euclidean
distance from z to the set Z of the zeros of the differential q.
Lemma 2.4 ( Lemma 2.6, Lemma 3.4 in [Dum17] ). Let h′(z) and v′(z) be the horizontal
and vertical unite tangent vectors at z ∈ X˜ \ Z˜ . If 6
d(z)2
< 3
4
, then
(1) ‖Ep∗ h′(z)‖ < 6d(z)2 ,
(2)
√
2 < ‖Ep∗ v′‖ <
√
2 + 6
d(z)2
,
(3) h′(z), v′(z) are the principal directions of Ep at z, and
(4) |kv| < 6d(z)2 , where kv is the curvature of Ep in the v-direction.
3. A path lifting property of the GIT-quotient
Definition 3.1. A representation ρ : pi1(S)→ PSL(2,C) is elementary if Im ρ fixes a point
in H3∪CP1 or preserves two points on CP1. Equivalently, ρ is elementary if Im ρ is strongly
irreducible and Im ρ is unbounded in PSL(2,C). Otherwise ρ is called non-elementary.
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Let R denote the PSL(2,C)-representation variety of S, the space of representations
pi1(S)→ PSL(2,C). By fixing a generating set γ1, . . . , γn, the topology of R is the restriction
of PSL(2,C)n (which is independent on the choice of γ1, . . . , γn). The Lie group PSL(2,C)
acts on R by conjugation, and its GIT-quotient
Ψ: R → χ = {pi1(S)→ PSL(2,C)}  PSL(2,C)
is called the PSL(2,C)-character variety of S.
Each fiber of the GIT-quotient is the set of representations in the same extended orbit
equivalence class: Namely, for ρ1, ρ2 : pi1(S) → PSL(2,C), ρ1 ∼ ρ2 if and only if the closure
of the PSL(2,C)-orbit of ρ1 intersects that of ρ2 in R. For a non-elementary representation
pi1(S) → PSL(2,C), its PSL(2,C)-orbit is a closed subset of PSL(2,C) and form a single
equivalence class ([New]). Equivalently, ρ1 ∼ ρ2 if and only if tr2 ρ1(γ) = tr2 ρ2(γ) for all
γ ∈ pi1(S) [HP04]. For ρ ∈ R, let [ρ] denote it equivalent class Ψ(ρ) in χ.
Proposition 3.2. Suppose that Ct (t ≥ 0) is a one-parameter family of CP1-structures on
S, such that its holonomy ηt ∈ χ converges to η∞ ∈ χ. Then ηt lifts a path ρt ∈ R which
converges to ρ∞ ∈ R as t→∞, so that [ρ∞] = η∞.
Remark 3.3. The limit η∞ can be a non-elementary representation (§13), which makes this
proposition nontrivial. In addition, there is η ∈ R with [η] = ρ∞ such that there is no lift ηt
of ρt ending at η.
Proof of Proposition 3.2. Fix a generating set γ1, . . . , γn of pi1(S). We divide the proof into
the three cases:
(1) η∞ is non-elementary.
(2) η∞ is elementary and there is γ ∈ PSL(2,C) such that η∞(γ) is hyperbolic, i.e.
tr2(γ) ∈ C \ [0, 4].
(3) η∞ is elementary and elliptic, i.e. tr2 η∞(γ) ∈ [0, 4] for all γ ∈ pi1(S), and there is
γ ∈ pi1 with η2∞(γ) ∈ (0, 4).
Case 1.
Lemma 3.4. Suppose that η∞ is non-elementary. For every lift ρ∞ ∈ PSL(2,C) of Ψ−1(η∞),
there is a lift ρt ∈ R of the path ηt such that ρt → ρ∞ as t→∞.
Proof. Over non-elementary representations, Ψ is a fiber bungle with fibers PSL(2,C). This
implies the lemma. 
Case 2. Suppose that η∞ is elementary and there is γ ∈ pi1(S) such that η∞(γ) is
hyperbolic. Then we have two cases:
(i) Ψ−1(η∞) consist of (reducible) representations ρ : pi1(S) → PSL(2,C) such that Im ρ
preserves ` and contains an elliptic element which reverses the orientation of `.
(ii) Ψ−1(η∞) consists of representations ρ : pi1(S) → PSL(2,C) such that Im ρ fixes an
endpoint of ` on CP1.
Case (i). Pick arbitrary ρ ∈ Ψ−1(η∞) and let ` = Axis(ρ(γ)).
Claim 3.5. There are generators γ1, γ2, . . . , γn of pi1(S), such that, for each i = 1, . . . , n,
• ρ(γi) is a hyperbolic element for i = 1, . . . , n− 1, and
• ρ(γn) is an elliptic element of order two about a geodesic orthogonal to `.
8
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Proof. By the hypothesis, one can pick generators γ1, γ2, . . . , γn of pi1(S), such that ρ(γ1) is
a (nontrivial) hyperbolic element. Then we can, in addition, assume that ρ(γ2), . . . , ρ(γn)
are not I (by composing γi with γ1 if necessary). If ρ(γi) is an elliptic element preserving
the orientation of `, then ρ(γ1γi) is hyperbolic— thus without loss of generality, we can
assume that if ρ(γi) is an elliptic element, it must reverse the orientation of `. Suppose
that ρ(γi) and ρ(γj) are both elliptic elements reversing the orientation of `; then ρ(γiγj)
preserves the orientation of `. Thus, replacing γj with γiγj, we can reduce the number of
the generators which maps to elliptic elements reversing the orientation of `. We can repeat
such replacements of generators, we obtain a desired generating set. 
Let γ1, γ2, . . . , γn be the generating set of pi1(S) as in Claim 3.5. We show that there is
indeed a lift ρt in R of ηt converging to ρ as t→∞. One can easily find a lift ρt (t ≥ 0) so
that ρt(γ1) converges to ρ(γ1). Then Axis(ρt(γ1)) must converge to `. For all 1 ≤ i ≤ n− 1,
Axis(ρtγi) and Axis(ρt(γn)) are asymptotically orthogonal (otherwise η∞ is non-elementary.)
In particular, we can in addition assume that ρt(γn) converges to ρ(γn), so that Axis(ρt(γn))
converges to a geodesic m orthogonal to `. Then, for 1 < i < n, Axis(ρt(γt)) converges `, as
it is asymptotically orthogonal to m. Thus ρt converges to ρ as t→∞.
Case (ii). Next suppose that Ψ−1(η∞) consists of elementary representations ρ such
that Im(ρ) fixes a point in CP1. Then, similarly to Claim 3.5, we can find a generating set
γ1, . . . , γn such that their η∞(γ1), . . . , η∞(γn) are all hyperbolic elements (i.e. tr2 η∞(γi) ∈
C \ [0, 4]).
Pick any lift ρt of ηt for t ≥ 0 (which may not converge as t→∞). Then, similarly, for
all 0 < i, j < n, the distance between Axis(ρt(γi)) and Axis(ρt(γj)) goes to zero in UT (H3)
as t → ∞, as η∞ is elementary. Thus we can continuously conjugate ρt by elements of
PSL(2,C) so that the axes converge to geodesics sharing an endpoint. By this conjugation,
ρt converges as t→∞.
Case 3. Suppose that Im η∞ contains no hyperbolic elements. Given an elliptic element
and a parabolic element in PSL(2,C) sharing a fixed point on CP1 then their product is an
elliptic element. Therefore we can pick generators γ1, . . . , γn of pi1(S), such that η∞(γi) are
either all elliptic or all parabolic. Pick any lift ρt ∈ R of the path ηt ∈ χ for t > 0, which
may not converge as t→∞.
Definition 3.6. For γ ∈ PSL(2,C), the axis Axis(γ) of γ is the convex hull of the fixed
points in H3 ∪ CP1 of γ— we denote it by Axis(γ) ⊂ H3 ∪ CP1.
In particular, if γ is hyperbolic or elliptic, Axis(γ) is a geodesic plus its endpoints, and
if γ is parabolic, Axis(γ) is a single point on CP1. Note that an ideal point of Axis(γ) is a
fixed point of γ on CP1.
Fix a PSL(2,C)-invariant metric on the projective unite tangent space of H3. Suppose
that γ, ω ∈ PSL(2,C) be hyperbolic or elliptic elements with axes `γ, `ω. We measure the
distance between `γ, `ω by embedding them into the projective unite tangent bundle of H3.
Lemma 3.7. (1) Suppose that η∞(γi) and η∞(γj) are both elliptic for distinct 1 ≤ i, j ≤
n. Then the distance between Axis(ρt(γi)) and Axis(ρt(γj)) in UT(H3) limits to zero
as t→∞.
(2) Suppose that η∞(γi), η∞(γj), η∞(γk) are all elliptic for distinct 1 ≤ i, j, k ≤ n.
Then there is a lift ρt ∈ R of ηt for t ≥ 0, such that Axis(ρt(γi)), Axis(ρt(γi)), and
Axis(ρt(γi)) converge to geodesics sharing an endpoint on CP1.
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Proof. (1) If there is a diverging sequence 0 < t1 < t2 < . . . such that the distance between
Axis(ρt(γi)) and Axis(ρt(γj)) in UT(H3) is bounded from below by a positive number, then
η∞ is non-elementary. This is a contradiction.
(2) By (1), if the assertion of (2) fails, there is a lift ρt such that Axis(ρt(γi)), Axis(ρt(γi)),
and Axis(ρt(γi)) converge to the distinct edges of an ideal triangle in H3. Then, η∞ is non-
elementary against the hypothesis. 
Corollary 3.8. Suppose that there is a generating set {γ1, . . . , γn} of pi1(S), such that
η∞(γ1), . . . , η∞(γn) are all elliptic. Then there is a lift ρt ∈ R of ηt such that ρt(γ1), . . . , ρt(γn)
converge to elliptic elements whose axes share an endpoint on CP1.
Last we suppose that η∞(γ1), . . . , η∞(γn) are all parabolic, and we show that there is a
lift of ρt of ηt to R such that ρt converges to the trivial representation.
Pick a base point O ∈ H3. For each t ≥ 0, let dt,i = dH3(O, ρt(γi)O), and let it be such
that dt,it = max dt,i.
Lemma 3.9. Let t1 < t2 < . . . be a diverging sequence such that itk , k = 1, 2, . . . are a
constant h in {1, . . . , n} and suppose that there is a sequence ωtk ∈ PSL(2,C) such that ωtk ·
ρtk(γh) =: ωtkρtk(γh)ω
−1
tk
converges, as k →∞, to a parabolic element
(
1 u
0 1
)
in PSL(2,C)
with u 6= 0. Then, for every j = 1, . . . , n, ωtk· ρtk(γj) accumulates to a bounded subset of(
1 C
0 1
)
whose image in C has a diameter less than |u|.
Proof. Let
ωtk· ρtk(γj) =
(
aj,k bj,k
cj,k dj,k
)
.
Then, unless ωtk·ρtk(γj) → I, the limit of the fixed point set of ωtk· ρtk(γj) ⊂ CP1 must
converge to {∞} as otherwise, for sufficiently large integer p, ωtk·ρtk(γhγpi ) are, up to a
subsequence, hyperbolic elements of translation length bounded from below by a positive
number. Thus cj,k → 0 and aj,k, dj,k → 1 as k →∞. Then, as dtk,h = maxi dtk,i, we have the
upper bound on the image in C. 
As the index h realizes the maximal displacement, we have
Corollary 3.10. Suppose that there is a diverging sequence t1 < t2 < . . . such that dtk,i =
dtk,j = dtk for some i 6= j. Then, if ωtk · ρtk(γi) converges to a nontrivial parabolic element,
then ωtk · ρtk(γj) also converges to a non-trivial parabolic element with the same translation
length in C.
Therefore we have
Corollary 3.11. There is a continuous path ωt ∈ PSL(2,C) such that ωt · ρt(γi) accumu-
lates to a bounded subset of parabolic elements in
(
1 C
0 1
)
for each i. Therefore there is a
continuous path ωt ∈ PSL(2,C) such that ωt · ρt converges to the trivial representation in R.
4. Holonomy estimates away from zeros
In this section, based on Dumas’ work on Epstein surfaces [Dum17] and we give some
further analysis of the Epstein surfaces in the horizontal direction. (We follow Dumas’
10
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notations.) Let g1 = eα1|dz|, g2 = eα2|dz| be two conformal metrics on a Riemann surface;
then the Schwarzian derivative of g2 relative to g1 is the following quadratic differential
B(g1, g2) = [(α1)zz − α22z − (α1)zz + (α1)2z]dz2.
Let C = (X, q) be a CP1-structure on S.
• Let τ be the hyperbolic metric on X by the uniformization.
• Let |√q| denote the singular Euclidean metric on X obtain by integrating √q along
paths.
• Let gCP1 be the spherical metric on CP1 given by some conformal identification CP1 ∼=
S2.
Let f : X˜ → CP1 be the developing map of C, and f ∗(gCP1) be the pull back of the
conformal matrix gCP1 to the universal cover X˜. Then let
ω = 2B(τ, f ∗(gCP1)),
ωˆ = 2B(|√q|, f ∗(gCP1)),
ν = 2B(σ,
√
q),
which are holomorphic quadratic differentials on X˜.
4.1. Curvature of Epstein surfaces in the horizontal direction. Let kh and kv be the
principle curvatures of Ep: X˜ → H3 in the horizontal and the vertical directions, respectively.
First by Equation 3.7 in [Dum17]
kv =
|ωˆ| − |ω|
|ωˆ|+ |ω| .
As the Gaussian curvature κhκv = 1 ( [Dum17, p448]), we have
kh =
|ωˆ|+ |ω|
|ωˆ| − |ω| .
In addition,
‖Ep∗ h′‖2 =
(|ωˆ| − |ω|)2
2|ωωˆ|
(Equation 3.6 in [Dum17, p448]). Therefore
(kh‖Ep∗(h′)‖)2 = (
|ωˆ|+ |ω|
|ωˆ| − |ω|)
2 · (|ωˆ| − |ω|)
2
2|ωωˆ|
= 1 +
(|ωˆ|2 + |ω|2)
2|ωωˆ|
= 1 +
1
2
(
|ωˆ|
|ω| +
|ω|
|ωˆ|).
Since ωˆ = ω − ν ([Dum17, p447]), we have∣∣∣∣ ωˆω
∣∣∣∣ = ∣∣∣1− νω ∣∣∣ ([Dum17, p449]).
By [Dum17, Lemma 2.6], we have ∣∣∣∣ ν(z)ω(z)
∣∣∣∣ ≤ 6d(z)2 .
11
July 24, 2019 July 24, 2019, page 12
Thus, recalling that d(z) is the distance from the singular points, we have
|ωˆ(z)|
|ω(z)| = 1 +O(d(z)
−2), and
(kh(z)‖Ep∗(h′(z))‖)2 = 2 +O(d(z)−2).
Therefore, we have
Lemma 4.1. For all nonzero z ∈ X˜ of the differential q˜,
kh(z)‖Ep∗(h′(z))‖ =
√
2 +O(d(z))−1.
4.2. Holonomy estimates of long flat cylinders. Let E be a singular Euclidean surface.
A flat cylinder in E is a cylinder foliated by closed geodesics. A cylinder A in E is expanding
if there is a geodesic loop ` on E such that A is foliated by one-parameter family of circles
equidistant from ` whose length strictly increases as the distance to ` increases.
Let Ep: X˜ → H3 be the Epstein surface of a projective structure C = (X, q) on S. Let
α : [0, 1] → C˜ ∼= X˜ be an arc such that α(0) and α(1) are in X˜ \ Z˜ and α differentiable
at both endpoints. Then the curve Ep ◦α : [0, 1] → H3 is differentiable at both endpoints.
Let ζ(α) ∈ PSL(2,C) be such that ζ(α) takes the unite tangent vector α′(0) to α′(1) on Ep
and the unite normal Ep∗ α(0) to the unite normal Ep∗ α(1). We call ζ(α) ∈ PSL(2,C) the
holonomy (of Ep) along α.
Definition 4.2. For α ∈ PSL(2,C), the rotation angle in [0, pi] is the (unsigned) rotation
angle of the tangent plane of CP1 at a fixed point of α.
Let (E, V ) be the singular Euclidean surface given by C = (X, q).
Definition 4.3. Let α : [0, 1]→ H3 be a C1-smooth arc on the Epstein surface E˜ → H3. Let
v(t) and h(t) denote the (unite) vector fields along α tangent to the vertical and horizontal
foliations of E, respectively.
Let ` be a geodesic in H3. Let H be the foliation of H3 by the totally geodesic hyperbolic
planes H orthogonal to `. Note that the hyperbolic planes are identified by parallel transports
along `, and thus their ideal boundary circles are identified as well.
Suppose that v(t) is transversal to the foliation H. Let Ht be the leaf of H containing
α(t). The translation length of α along ` is the distance between H0 and H1 (i.e. the length
of the segment of ` between H0 and H1).
As v(t) is transversal to H, then h(t) projects to a non-zero vector at the tangent space
Tα(t)Ht. Let θ(t) ∈ ∂∞Ht be the endpoint of the geodesic ray in Ht given by the tangent
vector. As all ∂∞Ht are identified, θ(t) ∈ S1 lifts to θ˜(t) ∈ R. The rotation angle of α about
` is the total increase of θ˜(t), which takes a value in R.
Proposition 4.4. Let Ci = (fi, ρi) be a sequence of CP1-structures on S, and let (Ei, Vi) be
the pair of a singular Euclidean structure Ei and a vertical foliation Vi on Ei given by the
Schwarzian parameters of Ci. Suppose that there are a loop m on S, a geodesic representative
mi of m on Ei for each i, and a flat cylinder Ai in Ei contains mi, such that
• mi is in the middle of Ai, so that Ai \mi is a union of two isometric flat cylinders,
• Mod(Ai)→∞ as i→∞, and
• the height ai of Ai diverges to ∞ as i→∞.
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Let m¯i be a segment on the universal cover E˜i obtained by lifting the simple close curve mi.
Then, by parametrizing m¯i by arc length s ∈ [0, length(mi)], for every  > 0, if i > 0 is
sufficiently, then
(1) the translation length of Epi m¯i(s) along `i is (1 + )-bi-Lipschitz to
√
2 (Re
∫
mi
√
qt),
(2) the total rotation angle of Ep m¯i about `i is (1+, )-bi-Lipschitz to to
√
2 (Im
∫
mi
√
qt),
and
(3) for all s ∈ [0, lengthmi], Ep m¯∗i (vs) ∈ UH3 is contained in the -neighborhood of a
single oriented geodesic `i in H3 by embedding `i into UT (H3).
Proof. Isotope mi, in Ai fixing a point on mi so that mi is a union of a vertical segment ui
and a horizontal segment wi (Figure 1). Then mi remains close to the middle of Ai.
mi
ui
wi
mi
Ai
Figure 1. Isotope mi to a union of a vertical and horizontal segment.
We first analyze the vertical segment Epi |ui. In the principal direction, the normal vector
is preserved by parallel transports. Therefore the parallel transport along the curve Σi|ui
yields the holonomy ζi(ui(s)) ∈ PSL(2,C). By the hypotheses, the distance from the loop
ui ∪wi and the set Zi of zeros of the differential qi diverges to ∞. Therefore, by Lemma 2.4
(4), the curvature along Epi |ui limits to zero, and it asymptotically has a constant speed√
2, so that its length is
√
2 times the Euclidean length of ui, which yields (1). Moreover
Lemma 4.5. The total (principal) curvature of the vertical segment Epi |ui limits to zero as
i→∞.
Proof. Notice that lengthEi ui ≤ lengthEimi, as ui and wi are orthogonal. Then, the distance
from ui to the singular set Zi of Ei is at least ai3 for sufficiently large i.
Since ModAi →∞, thus lengthEi miai → 0. Then, by Lemma 2.4 (4), the curvature of along
the curve Epi |ui is less than
6
(ai
3
)2
=
54
a2i
.
Therefore, the total curvature is bounded from above by
(lengthEimi)
54
ai2
=
54
ai ModAi
,
and this upper bound goes to zero as i→∞ since ai →∞ and ModAi →∞. 
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The total curvature along the vertical segment ui goes to zero as i→∞ (Lemma 4.5). The
amount of the total rotation is bounded from above by the total curvature, and the rotational
part of the holonomy is at most  for large i. Therefore, the holonomy along ui is -close to
the translation by
√
2 lengthEi ui with -small rotation.
The holonomy along Epi |ui are asymptotically a hyperbolic element of PSL(2,C) whose
translation length by the Euclidean length of ui times
√
2.
By Lemma 2.4 (1),
lengthH3 Epiwi <
6 lengthEimi
(ai/3)2
→ 0,
as i→∞, we thus have
Lemma 4.6. lengthH3 Epiwi → 0 as i→∞.
Proposition 4.7. Let vi(t) denote the tangent vector of Epi at Epiwi(t) in the direction of
Vi. For every  > 0, if i is large enough, then along wi, Ep∗wi(t) is contain in an -ball in
UTH3.
Proof. Let E˜i be the universal cover of Ei. Pick a lift u˜i of the vertical segment ui in Ei to
E˜i. Let Ri be a Euclidean rectangle, in E˜i, bounded by vertical and horizontal edges, such
that wi divides Ri into two isometric rectangles of half height (Figure 2, above). We may
assume that the height of Ri divided by the width of Ri goes to zero as i→∞.
The vertical foliation Vi and the horizontal foliation Hi of Ei induce a vertical and
horizontal foliations of Ri. By Lemma 2.4 (2), for every  > 0, if i is large enough, the
restrictions of Epi to vertical leaves in Ri are (
√
2− ,√2 + )-bi-Lipschitz. By Lemma 2.4
(1), the Epi-images of the horizontal leaves in Ri have diameters less than . Therefore, for
sufficiently large i, the images of vertical leaves of Ri are pairwise -close in the Hausdorff
metric (Figure 2 below). As vi is tangent to the image of such a vertical leaf, we have the
lemma.
Ri Epi(Ri)
wi
Figure 2.

Proposition 4.7 and Lemma 4.1 yield (2), and (3) follows from (1) and (2). 4.4
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5. Holonomy maps for surfaces with punctures
5.1. Classification of cusps of CP1-structures.
Definition 5.1. Let F be a surface with punctures. A CP1-structure on F is a pair (X, q)
of a Riemann surface structure X on F and a holomorphic quadratic differential q such that
at each puncture of X, q is at most a pole of order two.
This class is a natural class to consider, especially in our setting due to the upper injec-
tivity radius bound (see Theorem 6.1). (In general, it is possible to consider higher order
poles; see [GM, AB].)
Proposition 5.2. Let F be a surface with at least one puncture c, and C = (f, ρ) a CP1-
structure on F . Denote by `p the peripheral loop around c. Let C ∼= (τ, L) be Thurston
parameters, and (E, V ) be the singular Euclidean structure E with the vertical foliation V
given by the Schwarzian parameters of C.
(1) Suppose that a cusp neighborhood of c in E is an expanding cylinder of infinite mod-
ulus shrinking towards c. Then
• ρ(`c) is parabolic,
• c has a horoball quotient neighborhood, and
• in Thurston parameters, c also has a horoball quotient neighborhood where the
lamination L is the empty lamination.
(2) Suppose that a cusp neighborhood of c in E is a (half-infinite) flat cylinder F of
infinite modulus. Then exactly one of the following holds.
(a) The circumferences of F are not orthogonal to V , ρ(`c) is hyperbolic, and
√
2
∫
`c
√
q
is its complex translation length.
In Thurston parameters, the cusp c corresponds to boundary component b of τ
whose length is the real part of the translation length (in C/2piiZ).
(b) The circumferences of F are orthogonal to V .
• If √2V (`c) is not a 2pi-multiple, then ρ(`c) is an elliptic element of angle√
2
∫
`c
√
q (∈ R). In Thurston parameters, c is a cusp of τ and the total
weight of leaves of L around c (counted with multiplicity) is, modulo 2pi,
equal to the rotation angle of ρ(`c).
• If √2V (`c) is a 2pi-multiple, then ρ(`c) is either I or a parabolic element.
In Thurston parameters, c is a cusp of τ and the total weight of L around
c is the 2pi-multiple.
In (2b), by “counted with multiplicity”, we mean that, if a single leaf of L has both
endpoints at c, the weight of the leaf is counted twice.
Proof. (1) As the Euclidean distance to the cusp is finite in E, in the hyperbolic metric
on X, the quadratic differential q vanishes asymptoticly towards the cusp c. The solution
of the Schwarzian equation depends continuously in q. As a Riemann surface with the
zero differential (in our convention) corresponds to a hyperbolic structure, therefore c has a
horoball quotient neighborhood in C.
In Thurston parameters, c is a cusp of τ , and L is the empty lamination in a sufficiently
small neighborhood of c.
(2) By Proposition 4.4, the developing map of the half-infinite flat cylinder becomes
closer and closer to the exponential map exp: C→ C∗ as a point in the domain approaches
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to the cusp, where, in the domain C, the vertical direction corresponds to the real direction
and the horizontal direction corresponds to the imaginal direction (to be precise, the exp is
composed with the calling to the domain C by
√
2). Thus the assertions about the holonomy
along `c hold.
It remains only to show the description in Thurston parameters.
(2a) By Proposition 4.4, outside of a large compact set of F , all circumferences of F
are admissible loops. Therefore an appropriate neighborhood of c corresponds to an infinite
grafting cylinder. By [Bab17, Proposition 8.3], the hyperbolic surface τ has a (possibly open)
boundary component corresponding to c, and its boundary length is indeed the translation
length of the hyperbolic element ρ(`c).
(2b) The developing map in an appropriate cusp neighborhood is the exponential map
exp: C→ C∗ so that the deck transformation corresponds to the translation in the imaginary
direction in the domain.
Therefore, c is a cusp of τ and the total weight of leaves of L near c must be the length
of the circumference times
√
2 (Proposition 4.4 (2)). 5.2
5.2. PSL(2,C) and fixed points on CP1. In order to construct an appropriate holonomy
map for a surface with punctures, we will make PSL(2,C) slightly bigger as a topological
space, by carefully pairing with some fixed points on CP1. Let (CP1)2/Z2 denote the set of
unordered pairs of points on CP1. Let PSL(2,C)
∧
be the set of all pairs (γ,Λ) ∈ PSL(2,C)×
((CP1)2/Z2) such that
• if γ is a hyperbolic element with zero rotation (i.e. tr γ ∈ R \ [−2, 2] when γ is lifted
to SL(2,C)), then Λ is a pair of (not necessarily distinct) fixed points of γ, and
• otherwise, Λ is (a, a) for a fixed point a ∈ CP1 of γ.
In particular, if γ = I, then Λ can be (a, a) for any a ∈ CP1. (By abuse of notation, if Λ
is a pair (a, a) of identical points on CP1, for simplicity, we may regard Λ as a single point
a.)
We define a (non-Hausdorff) topology on PSL(2,C)
∧
by the following open base at each
(γ,Λ) ∈ PSL(2,C)
∧
.
• If γ is hyperbolic, for every (small) connected neighborhood U of γ in PSL(2,C)
consisting of hyperbolic elements, the subset of all pairs (γ′,Λ′) such that γ′ ∈ U and
Λ′ is a pairs of points in Λ, where the fixed points of γ are naturally identified with
those of γ′.
• If γ is not hyperbolic, then the topology near (γ,Λ) is given by the product topology
of PSL(2,C)× (CP1)2/Z2 equipped with the Hausdorff topology on (CP1)2/Z2.
Remark 5.3. Let C = (f, ρ) be a CP1-structure on a surface with punctures. Let γ ∈
pi1(S) be such that its free homotopy class is the peripheral loop around a cusp c of C.
Then γ corresponds to a unique element in (CP1)2/Z2 as follows: Let c˜ be the point on
the ideal boundary of C˜ (∼= H2) fixed by γ ∈ pi1(S). Let (τ, L) ∈ T × ML be the Thurston
parametrization of C, and let L be the canonical measured lamination on C which descends
to L. For each leaf ` of L˜ ending at c˜, the corresponding endpoint of the circular arc f(`) on
CP1 is a fixed point of ρ(γ). Thus γ corresponds to a unique element (ρ(γ),Λ) in PSL(2,C)
∧
,
where Λ is the set of such endpoints of the half leaves of L˜ ending at c, if L is non-empty in a
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small neighborhood of the cusp. If L is empty near the cusp, an appropriate cusp neighborhood
of c is a horoball quotient, and γ corresponds to (ρ(γ),Λ), where Λ is the parabolic fixed point
of ρ(γ).
5.3. Cusp neighborhoods in Thurston parameters. The following lemma determines
the isomorphism classes of cusp neighborhoods of CP1-structures in Thurston coordinates.
Lemma 5.4. Let C = (f, ρ) be a CP1-structure on a surface F with cusps. Let C ∼= (τ, L)
be Thurston parameters of C. Then, for each cusp c of C, its small neighborhood (i.e. its
germ) in C is determined by
• the holonomy h ∈ PSL(2,C) around c,
• the transversal measure of a peripheral loop around c given L, and
• if h is hyperbolic, the direction in which the leaves of L spirals towards the boundary
component.
(See Figure 3.)
elliptic, parabolic, identity
hyperbolic
Different spiraling directions
Figure 3. Cusp neighborhoods in Thurston parameters
Proof. Let (E, V ) be the pair of a singular Euclidean structure E on F , and V be a vertical
foliation on E given by C.
Hyperbolic Case. Suppose that h ∈ PSL(2,C) is hyperbolic. Then, by Proposition 5.2,
its cusp neighborhood, in (E, V ), corresponds to a half-infinite cylinder A, and the complex
translation length is
√
2
∫
`c
√
q, where `c is a peripheral loop of c.
The developing map f of a small neighborhood of c is a restriction of the exponential map
C → C∗. Thus the complex translation length determines the deck transformation on the
domain C by Z ∼= 〈`c〉, which determines the CP1-structure of a small cusp neighborhood.
The cusp c corresponds to the geodesic boundary circle b of τ whose length equal to the
translation length of h. By the properties of bending maps, one can show that the total
weight of L along `c times
√
2 is the rotational angle of h and the direction in which leaves
of L spiral towards b determines the orientation of the angle (Figure 4).
Parabolic Case. Suppose that η(`c) is parabolic.
If a neighborhood of a cusp c in E is an expanding cylinder shrinking towards c, then a
neighborhood of c in (τ, L) is a hyperbolic cusp with the empty lamination (Proposition 5.2
(1)).
Next suppose that the cusp neighborhood of c in (E, V ) is a half-infinite flat cylinder A in
E. Then the circumferences of A are orthogonal to V , and
√
2V (`c) is a positive 2pi-multiple.
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Figure 4. The opposite spiral directions give the holonomy the opposite ro-
tational directions.
Let Ep: X˜ → H3 be the Epstein map associated with C = (X, q). Let V˜ be the pull-
back of V to the universal cover of E, and let c˜ be the lift of c to the ideal boundary of
X˜ ∼= H2. Let γ ∈ pi1(F ) be the element which fixes c˜ such that its free homotopy class is `c.
Then, for every leaf ` of V˜ ending at c˜, its image Ep(`) is indeed a quasi-geodesic limiting
to the parabolic fixed point of ρ(γ) on CP1, and its curvature of Ep(`) converges to zero as
it approaches the fixed point by Lemma 2.4. Therefore c corresponds to a cusp of τ . By
Proposition 4.4, the total weight of the leaves must be
√
2V (`c).
Elliptic Case. The proof when h is elliptic is similar to the parabolic case. 5.4
Let D be the unite closed disk in C centered at the origin O. Let D∗ = D \ {O},
and let ` be the peripheral loop around the origin. Let P(D∗) denote the space of all
developing pairs (f, h) for the CP1-structures on D \ {O} (not up to PSL(2,C)) so that O
is a cusp and the boundary circle is smooth, where f : D˜∗ → CP1 is the developing map and
h ∈ PSL(2,C) is the holonomy along `. Recall from Remark 5.3 that each cusp corresponds
to a unique element (γ,Λ) in PSL(2,C)
∧
. By the following proposition, the deformation of
the CP1-structures of the cusp neighborhoods is locally modeled on PSL(2,C)
∧
.
Proposition 5.5. Let F be a closed surface minus finitely many points, and let C = (f, ρ)
be a CP1-structure on F . Then, each cusp c of C has a neighborhood Σ = (f, γ) ∈ P(D∗)
in C with the following property: Let (γ,Λ) ∈ PSL(2,C)
∧
be the element corresponding to
the peripheral loop around c. For every  > 0 and every compact subset K of the universal
cover Σ˜, there is a neighborhood U = U(K, ) of (γ,Λ) in PSL(2,C)
∧
, such that, for every
(γ′,Λ′) ∈ U , there is Σ(γ′,Λ′) ∈ P(D∗) with holonomy γ′ such that its developing map fγ′ of
Σγ′ is -close, in C1-topology, to the developing map f of Σ in K.
Moreover, from the proof, we may assume that Σγ′ is unique near the cusp.
Corollary 5.6. Let Dˇ∗ be a subsurface of D∗ obtained by removing a regular neighborhood
of the boundary circle of D∗. Suppose, in Proposition 5.5, that there are two projective
structures Σ1 and Σ2 realizing (γ′,Λ′) such that their developing maps are -close to f in
K as in Proposition 5.5. Then there are isomorphic subsurfaces Σˇ1(γ′,Λ′) and Σˇ2(γ′,Λ′) of
Σ1(γ
′,Λ′) and Σ2(γ′,Λ′) containing Dˇ∗.
Proof of Proposition 5.5. We divide the proof by the isometry type of η(m). In each case,
we construct a deformation of Σ in a small neighborhood in PSL(2,C)
∧
by specifying the
deformation of a fundamental membrane.
18
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Elliptic Case. Suppose that γ = I or γ is an elliptic element. Then the puncture
O corresponds to a unique point f(O) on CP1 by continuously extending f . Then pick
a cusp neighborhood Σ biholomorphic to a punctured disk, such that the development of
the boundary circle is a round circle r on CP1 and there is a Lie subgroup of PSL(2,C)
isomorphic to SO(2) which preserves r and f(O).
Pick a “fan-shaped fundamental domain” in D˜∗ bounded by three circular arcs e1, e2, e3
such that
• f |e1 and f |e2 are circular arcs on CP1 connecting f(O) and points on r, so that f |e1
and f |e2 are orthogonal to r, and
• f |e3 immerses into r, and it connects the endpoints of e1 and e2
(Figure 5, left). Let q be the end point of the arc e1 contained in r.
If the neighborhood U of (γ, f(O)) is sufficiently small, then given (γ′,Λ′) ∈ U , one can
easily construct a CP1-structure close to Σ on D∗ realizing (γ′,Λ′). Indeed, we pick z ∈ Λ′,
we can construct a fundamental membrane bounded by e′1, e′2, e′3 such that,
• e′1 is a circular on S2 connecting z and q,• e′2 is γ(e′1) (which is a circular arc connecting z and γ(q)), and• e′3 is an arc connecting q to γ(q) so that e′3 is a segment of a trajectory under a
one-dimensional Lie subgroup of PSL(2,C)
(see Figure 5, right). Note that the choice of z may not be unique if r is identity and
tr r′ ∈ R \ [−2, 2] (i.e. hyperbolic without screw motion); but the resulting structure is
independent on the choice of z.
Generic hyperbolic case. Let ` be the peripheral loop around O. Suppose that γ is hyper-
bolic and L(`) 6= 0, so that Λ is a single point. Let (τ, L) be the Thurston parametrization
of C, and let L be the Thurston lamination on C. Then τ has a geodesic boundary loop b
corresponding to the cusp c and, as L(`) > 0, leaves of L spiral towards b. Let b˜ be a lift of
b to the universal cover τ˜ of τ , so that b˜ is a boundary geodesic of τ˜ . Then those spiraling
leaves lift to geodesics in τ˜ having a common endpoint at an endpoint of b˜; by the bending
map β : τ˜ → H3, the endpoint maps to the point Λ. Accordingly the leaves of L near the
cusp O develop to circular arcs ending at Λ.
Normalize CP1 = C ∪ {∞} by an element of PSL(2,C), so that 0 is at Λ and the other
fixed point of γ is at ∞. Let (E, V ) be the foliated singular Euclidean structure given by C.
Then there is a half infinite flat cylinder A in E which corresponds to a cusp neighborhood
of c ; then each circumference has a positive transversal measure given by the horizontal
foliation. Therefore, one can take a cusp neighborhood Σ bounded by a loop m such that
m develops onto a spiral on CP1, i.e. a curve invariant under a one-parameter subgroup in
PSL(2,C) which contains γ.
Take, similarly, a “fan-shaped” fundamental domain F in the universal cover Σ˜ which is
bounded by three smooth segments e1, e2, e3 such that
• e1 and e2 are half-leaves of L˜ such that f(e1) and f(e2) end at 0 ∈ C, and γ(f(e1)) =
f(e2), and
• e3 is in a segment of the spiral which connects the other endpoints of e1 and e2
(Figure 6, left). As the set of hyperbolic elements is open in PSL(2,C), one can take a
neighborhood U of (γ,Λ) sufficiently small so that, for all (γ′,Λ′) ∈ U , γ′ is hyperbolic and
Λ′ corresponds to Λ. Then, similarly to the elliptic case, one can easily find a CP1-structure
on D∗ close to Σ which realizes (γ′,Λ′), by constructing a fundamental membrane close to
F (Figure 6).
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f(e1)
r
f(e2)
f(e3)
q
e′1
e′2
r′
q
z
Figure 5. Perturbing a fundamental membrane of a cusp with elliptic holonomy.
f(e1)
f(e2)
f(e3)
O
Figure 6. Perturbing a fundamental membrane of a cusp with a hyperbolic holonomy.
Figure 7. Deformation of a hyperbolic cusp neighborhood.
Special hyperbolic case (]Λ′ = 2). Suppose that γ is hyperbolic and L(`) = 0 (in particular
tr γ ∈ R). Then the boundary component b of τ is a leaf of L with weight infinity ([Bab17,
Proposition 8.3]).
Let κ : C → τ be the collapsing map; let F = κ−1(b), which is a half-infinite cylinder.
Then the developing map of F is the restriction of exp: C → C∗ to a half space bounded
by a horizontal line in C; we identify the universal cover F˜ of F with the half-space, so
that γ acts as a horizontal translation. Take a fundamental domain Q in F˜ such that Q is
20
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a vertical half-infinite strip in C bounded by two vertical rays and one horizontal segment.
Then ` ∈ pi1(S) acts as the translation of C by a real number.
Note that the deformation of a half infinite strip in the domain of exp: C→ C∗ yields the
deformation of the cusp neighborhood. In this way, if U is a sufficiently small neighborhood
of (γ,Λ), then, for (γ′,Λ′) ∈ U , we can construct a deformation Σγ′ ∈ P(D∗) of Σ realizing
(γ′,Λ′).
Parabolic case. Suppose that γ is parabolic. Then in Thurston parameters, it is a
hyperbolic cusp and the total weight of L along the peripheral loop m is a non-negative
2pi-multiple. Then, similarly to the case that γ = I, we can show the claim by finding a cusp
neighborhood and a fundamental domain in its universal cover which is bounded by circular
arcs.
5.3.1. Holonomy maps of CP1-structures with cusps. Let F be a closed surface minus finitely
many points p1, . . . , pn. Recall that P(F ) denotes the all developing pairs (f, ρ) for CP1-
structures on F . Let (f, ρ) ∈ P(F ), and let X be the complex structure on F given by the
induced CP-structure. Identify the universal cover X˜ of X with H2; then for each i = 1, . . . n,
pick a lift p˜i of pi to a point on the ideal boundary of X˜. Then, by Remark 5.3, for each
(f, ρ) ∈ P(F ) and a puncture pi, we have a corresponding element in (γi,Λi) ∈ PSL(2,C)
∧
.
Thus we have a map from hol : P(F ) → (PSL(2,C)
∧
)n × R(F ) taking (f, ρ) ∈ P(F ) to
{(γi,Λi)ni=1, ρ}.
Theorem 5.7. Every (f, ρ) ∈ P(F ) has a neighborhood W such that
hol |W
is a local homeomorphism. Moreover, for any (f, ρ) ∈ P(F ), if there is a path ρt converging
to ρ (in R(F )) as t → ∞, then there is a lift of ρt to a path in P(F ) for t  0 converging
to (f, ρ).
Note that as PSL(2,C)
∧
is a non-Hausdorff space, a general path-lifting property fails.
Proof. Applying Proposition 5.5 to a small  > 0, we obtain, for each i = 1, . . . , n, a (small)
cusp neighborhoodDi of the puncture pi of C, and a neighborhood Ui of (γi,Λi) in PSL(2,C)
∧
.
Without loss of generality, we can assume D1, . . . , Dn are disjoint in C. Let Ni be the
underlying topological cusp neighborhood of F .
Let D′i be a smaller open cusp neighborhood of pi, so that the closure of D′i is contained
in the interior of Di. Let C be the CP1-structure on F given by (f, ρ). Let Cˇ be C − unionsqiD′i,
and let Fˇ be F \ unionsqiNi, the subsurface of F supporting Cˇ. For every (γ′i,Λ′i) ∈ Ui, let Dγ′i,Λ′i
denote the (essentially unique) CP1-structure on D∗ with holonomy γ′i given by Proposition
5.5; then Dγ′i,Λ′i realizes (γ
′
i,Λ
′
i), and Dγ′i,Λ′i is sufficiently close to Di.
We shall regard (f, ρ) as a smooth section Σ of a CP1-bundle B over F such that Σ
is transversal to the horizontal foliation Hρ associated with ρ. Let Σˇ be the restriction
of Σ to the bundle over the subsurface Fˇ . Then there is a neighborhood W of ρ in the
representation variety R(F ) such that, for each ξ ∈ W , letting Hξ be the horizontal foliation
of B associated with ξ, Σˇ is still transversal to Hξ; then Σˇ yields a projective structure Cˇ
on Fˇ with holonomy ξ.
Then we can easily combine Cˇ and D1, . . . , Dn and obtain a desired developing pair for
a CP1-structure on F . In this way, given a sufficiently small neighborhood of hol((f, ρ)), for
every element in this neighborhood, we construct a developing pair realizing it.
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This new structure is unique in a large compact subset of K and also unique in the cusp
neighborhoods. Thus the resulting section is unique up to the transversal isotopy, which
implies the injectivity of the map, and thus it is a local homeomorphism.
The path lifting along a path in R easily follows from the construction. 5.7
6. Bound on the upper injectivity radius
Recall that Ct = (ft, ρt) is a path of CP1 structures on S such that Ct diverges to∞ and
the equivalence class [ρt] =: ηt converges in the character variety, and recall that Ct = (Xt, qt)
is the expression in the Schwarzian parameters.
Let Et be the singular Euclidean structure on Xt given by |q 12 |. Let R(Et) ≥ 0 denote
that the upper injectivity radius of Et, i.e. the supremum of the injectivity radii over all
points in Et (as Et is compact it is indeed maximum). In this section we show
Theorem 6.1. Suppose that Xt is pinched along a multiloop M . Then the upper injectivity
radius R(Et) of Et is bounded from above for all t ≥ 0.
Immediately we have the following.
Corollary 6.2. There is an upper bound for the area of the expanding cylinders in Et for
all t ≥ 0.
In order to prove Theorem 6.1, we assume, to the contrary, that lim supR(Et) = ∞
and show that ρt can not converge. Let Mt be a geodesic representative of M on Et (in the
Euclidean metric) such that, for every  > 0 if t > 0 is sufficiently large, thenMt is contained
in the -thin part of Xt. We will find a conformally thick part which is, in the Euclidean
metric, bigger than its adjacent thick parts:
Proposition 6.3. Suppose that Xt is pinched along a multiloop M and lim supt→∞R(Et)→∞. Then, there are a component F of S \M and a sequence (0 ≤) t1 < t2 < . . . diverging
to ∞, such that, letting Ft be the component of Et \Mt isotopic to F , for each boundary
component ` of Fti, there is an expanding cylinder B`,ti in Fti homotopic to ` so that
• ModB`,ti →∞ as t→∞, and• B`,ti shrinks towards the component of S \M adjacent to F across `.
Claim 6.4. Suppose that there is a diverging sequence (0 <) t1 < t2 < . . . such that Eti
contains a flat cylinder Ati homotopy equivalent to a fixed loop m of M such that
(1) ModAti →∞ as i→∞ , and
(2) the circumference of Ati limits to ∞ (equivalently AreaAti →∞) as i→∞.
Then, the restriction of the vertical foliation Vti to Ati must be asymptotically orthogonal to
the circumferences of Ati.
Proof. Suppose, to the contrary, that Vti does not asymptotically orthogonal to circumfer-
ences. Then, up to a subsequence, we may assume that there is a limit θ∞ ∈ [0, pi/2)
between the angle between Vti and the circumferences. Let mti be a geodesic representative
of m which sits in the middle of Ati . Then, by Hypotheses (1) and (2), the transversal mea-
sure of the horizontal foliation Hti along mti diverges to infinity as i→∞. By Proposition
4.4 (2), the translation length of ρti(mti) is asymptotically
√
2 times the transversal measure.
Therefore the translation length of ρti(mti) must diverge to infinity, which contradicts to the
convergence of [ρt] as t→∞. 
Proposition 6.5. Suppose that there are a component F of S \M and a diverging sequence
(0 <) t1 < t2 < . . . such that, letting Fti be the component of Eti \Mti homotopic to F ,
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• AreaEti Fti →∞ as i→∞, and.• for each boundary component ` of F , there is an expanding cylinder B`,ti in Fti
homotopic to ` such that
– B`,ti shrinks toward the adjacent component across `, and
– ModB`,ti →∞ as i→∞.
Then [ρti ]|pi1F diverges to ∞ in χ as i→∞.
Proof. Let ki > 0 be such that ki Area(Fti) = 1 for each i = 1, 2, . . . . Then, as AreaFti →∞, thus kti → 0 as i → ∞. All ends of Fti have conformally long expanding cylinders
shrinking towards adjacent components. Take a base point in the thick part of Fti . Then,
by compactness, up to a subsequence
• kiEti converges, in the Gromov-Hausdorff topology, to a compact singular Euclidean
surface minus finitely many points, E∞, which is homeomorphic to F , and
• kiVti|kiEti converges to a measured foliation V∞ on E∞.
Take an (almost geodesic) loop ` on E∞ such that ` does not cross any singular point of
E∞ and ` is almost parallel to V∞ at each point on ` (i.e. the intersection angles are quite
close to zero). Then, by Lemma 2.4 (2), there is  > 0, such that the translation length
of ρti(`) is (1 + )-bi-Lipschitz to
√
2 lengthE∞(`)/ki. Since ki → 0, Im
∫
`
√
qti → ∞, and
therefore tr ρti(`) must diverge to infinity. 
Let m1, . . . ,mp be the loops of the multiloop M .
Lemma 6.6. If t > 0 is sufficiently large, for each i = 1, . . . , p, there are, at most, one max-
imal flat cylinder Ai and two maximal cylinders Bi, B′i expanding in the opposite directions
such that all At,i, Bt,i, B′t,i are homotopic to mi, and
1−  ≤ ModEtmi
ModEt At,i + ModEt Bt,i + ModEt B
′
t,i
≤ 1.
Proof. As Xti is pinched along M , ModXtmi → ∞ as t → ∞. Let Wi,t be the union
At,i∪Bt,i∪B′t,i, which is a cylinder in Et homotopic to mi since At,i∪Bt,i∪B′t,i are maximal.
Then, there is  > 0 such that the -thin part homotopic to mi is contained in Wi,t for all
large enough i. In addition
ModWt,i
ModXtmi
→ 1
as t → ∞. The inequality Modmi ≥ ModAt,i + ModBt,i + ModB′t,i is well-known (see for
example [Hub06, Theorem 3.2.6]). By the analytic definition of moduli,
ModWt,i = inf
ν
AreaνWt,i
lengthνmi
,
where the infinitum is takes over all conformal metrics ν on Wt,i. Note that the most of
parts of Wi,t is covered by finitely many round cylinders and a flat cylinder, which contains
no singular points. Therefore one can easily construct an appropriated conformal metric on
Wt,i to show that, for every  > 0, if t > 0 is large enough (1 − ) ModXtmi < ModAt,i +
ModBt,i + ModB
′
t,i for sufficiently large t. 
Proposition 6.7. For every (large) T > 0, there are t > T and k ∈ {1, . . . , p} such that
1
2
<
lengthEt(mk)
maxi=1,...,p lengthEt(mi)
≤ 2,
and ModXt(mk) is 13-dominated by an expanding cylinder Bk,t homotopic to mk, i.e.
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ModBk,t
ModXtmk
>
1
3
.
Proof. For u > T , letmku be the loop realizing maxi=1,...,q lengthEu(mi). We may assume that
maxi=1,...,p lengthEt(mi) → ∞ as t → ∞, as otherwise, the assertion is clear by Proposition
6.5.
We first show that if a long flat cylinder persists, then its circumference must stay almost
the same. Namely
Claim 6.8. For every  > 0, there is K > 0 such that, if
• a loop m of M satisfies lengthEum > K for some u > K and
• there are w > u and a flat cylinder in Et homotopic to m which 14-dominates the
modulus of m for every t ∈ [u,w],
then
1−  < lengthEtm
lengthEum
< 1 + 
for all t ∈ [u,w].
Proof. By Claim 6.4, for every  > 0, if K > 0 is sufficiently large, then the vertical foliation
Vt is -almost orthogonal to circumferences of the flat cylinder homotopic to m. Then, by
Proposition 4.4, for every  > 0, if K > 0 is sufficiently large, then the total rotation angle
along m is (1 + )-bi-Lipschitz to
√
2 lengthEtm for t ∈ [u,w]. As the holonomy of ρt(m)
converges as t → ∞, the total rotation along m must converge. Thus, if K is sufficiently
large, then the ratio of lengthEtm and lengthEum is -close to 1. 
As in Claim 6.8, we suppose that a flat cylinder 1
4
-dominates Modmku for all t ∈ [u, v];
then 1 −  < lengthEt mku
lengthEu mku
< 1 +  for all t ∈ [u,w]. Suppose, in addition, that there is a
loop mh of M which is not mku such that mh on Et becomes exactly twice as long as mku
on Eu for the first time at t = w after t = u. Then, by applying Claim 6.8 to mh, we can
show that there is t ∈ [u,w) such that Modmh is 1/3-dominated by an expanding cylinder:
Indeed, otherwise, maxi=1,...,p lengthEt(mi) must bounded from above by
3
2
lengthEt(mku) for
all t ∈ [u,w]. 6.7
Corollary 6.9. There are a component F of S\M and a diverging sequence 0 < t1 < t2 < . . .
such that the corresponding component Fti of Eti \M satisfies the assumptions of Proposition
6.5.
Proof. By Proposition 6.7, there is a loop m of M and a diverging sequence t1 < t2 < . . .
such that
• lengthEti m→∞ as i→∞,•
1
2
<
lengthEti m
max{lengthEti m1, . . . , lengthEti mp}
< 2
for all i = 1, 2, . . . , and
• there is an expanding cylinder Bti homotopic m which 13 -dominates ModEti m.
Then, up to a subsequence, we may in addition assume that Bti is expanding in the same
direction. Then, let F be the connected component of S \M such that m is a boundary
component of F and Bti expands towards F . 
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By this corollary, we obtained the desired contradiction, which implies Theorem 6.1.
7. Convergence of CP1-structures away from pinched loops
As in the previous section, we suppose that Xt is pinched along a multiloop. We will first
see that the holonomy ρ∞(m) determines the type of a conformally long Euclidean cylinder
in Et which is homotopic to m for t 0.
Lemma 7.1. • Suppose that there are a sequence t1 < t2 < . . . diverging to ∞ and
a sequence of expanding cylinders Bti in Eti homotopic to m at time ti, such that
ModEti Bti →∞ as t→∞, then ρ∞(m) is parabolic.• Let m be a loop of M such that ρ∞(m) is not parabolic.
(1) Suppose that ρ∞(m) = I. Then, for t  0, Et contains a flat cylinder At
homotopic to m, such that ModAt →∞ and
√
2
∫
m
|√qt| converges to 2pini for
some positive integer n.
(2) Suppose that ρ∞(m) is an elliptic element of rotation angle θ. Then, for t 0,
Et contains a flat cylinder At homotopic to m, such that ModAt → ∞ and√
2
∫
m
|√qt| converges to (2pin+ θ)i for some non-negative integer n.
(3) Suppose that ρ∞(m) is hyperbolic. Let z ∈ C be such that the Möbius transfor-
mation ω 7→ ω exp[z] conjugates to ρ∞(m). Then, for t  0, Et contains a flat
cylinder At homotopic to m such that ModAt →∞ and
√
2
∫
m
√
qt converges to
z + 2pini for some integer n;
Proof. For every  > 0, if t > 0 is large enough, for each loop m of M , there is a flat cylinder
or an expanding cylinder homotopic to m.
If a puncture of a CP1-structure corresponds to a regular point of its holomorphic qua-
dratic differential, its peripheral holonomy is parabolic. Thus, if there are a sequence
t1 < t2 < . . . and, for each i, an expanding cylinder Bti in Eti homotopic to m such
that ModBti → ∞ as t → ∞, then, by Corollary 6.2, its shorter boundary component of
Bti asymptotically corresponds to, at most, a pole of oder one of a differential. Therefore
ρ∞(m) is parabolic, against the hypothesis.
Therefore, for t 0, there is a flat cylinder At homotopic to m such that Mod(At)→∞.
Therefore Proposition 4.4 implies the lemma. 
Given a compact surface F with boundary, let Fˆ denote the surface with punctures
obtained by pinching each boundary component of F to a (puncture) point.
Proposition 7.2. Let  > 0 be a number less than the Bers constant. Let F be a component
of S \M , and let F>t be the component of the conformally -thick part of Et isotopic to F
for t 0. Then, if
(1) lim inf
t→∞
AreaEt(F

t ) > 0,
there is a path of CP1-structures Fˆt on the punctured surface Fˆ such that
(1) for every  > 0, if t > 0 is sufficiently large, then such that F>t isomorphically embeds
into Fˆt,
(2) for each boundary component ` of F , there is a cylinder A`,t in Et homotopic to `
such that
• ModA`,t →∞ as t→∞,
• A`,t is either a flat cylinder for all t  0 or an expanding cylinder shrinking
towards the adjacent component of S \M across m for all t 0, and
(3) Fˆt contains A`,t for every boundary component ` of F .
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Proof. We first show that, for each boundary component ` of F , there is a cylinder A`
homotopic to `, such that
(i) ModA`,t →∞ as t→∞, and
(ii) A`,t remains either a flat cylinder or an expanding cylinder shrinking forwards ` for all
t 0,
Let Yt, Zt,Wt be disjoint cylinders homotopic to `, such that Zt is a maximal flat cylinder,
Yt is the maximal expanding cylinder expanding towards the thicker part of Ft and Wt is the
maximal expanding cylinder expanding towards the adjacent component across the geodesic
representative `t of `.
As Xt is pinched along M , by Lemma 6.6, max{ModYt,ModZt,ModWt} → ∞ as t →
∞. Let diamWt and diamYt denote the diameter ofWt and Yt, respectively, in the Euclidean
metric Et. Then, by (1) and the upper injectivity radius bound (Theorem 6.1), the ratio
diamWt
diamYt+1
is bounded from above for all t > 0. Thus ModWt
ModYt+1
is bounded from above for all
t > 0. Therefore ModYt + ModZt diverges to∞ as t→∞. We claim, moreover, that either
lim ModYt =∞ or lim ModZt =∞.
Suppose that lim supt→∞ModYt =∞. Let t1 < t2 < . . . be a sequence with limi→∞ModYti =∞. Then the circumference of Zti limits to zero, and by Lemma 7.1, ρ∞(`) is para-
bolic. Therefore, by, again, Lemma 7.1 and the convergence of the holonomy, genuinely
ModYt →∞ as t→∞. Then, Yt satisfies (i) and (ii).
Next suppose that lim supt→∞ModYt <∞. Then ModZt diverges to ∞ as t→∞, and
the circumference of Zt converges to a positive number. Then Zt satisfies (i) and (ii).
We shall construct Fˆt satisfying (3) as follows. Suppose that, for a boundary component `
of F , limt→∞ModYt =∞. Let Yˆt be an expanding cylinder of infinite modulus, obtained by
extending the expanding cylinder Yt only in the shrinking direction, so that Yˆt is conformally
a punctured disk. Then replace Yt by Yˆt in Et, so that the boundary component ` of F
corresponds to the puncture of Yˆt. Suppose that lim supt→∞ModYt < ∞. Then, since
ModZt →∞ and the circumference Circ(Zt) converges to a positive number as t→∞, we
extend the flat cylinder Zt, in the direction of Wt, to the half-infinite flat cylinder Zˆt; then
Zˆt is conformally a punctured disk. Then replace Zt in Et with Zˆt so that it has a puncture
corresponding to `.
By applying, such a replacement for all boundary component ` of F , we obtains a desired
complete singular Euclidean surface Fˆt satisfying (1), (2), (3), since (2) follows from (i) and
(ii). 7.2
Theorem 7.3. Let F be a component of S \M . Let  > 0 be a number less than the Bers
constant for S. Then, for t > 0 large enough, there is a component F t of the -thick part of
Ct isotopic to F .
(1) Suppose that
lim inf
t→∞
AreaEt(F

t ) = 0.
Then there is a continuous function t > 0 with limt→∞ et = 0, such that F t converges
(in the Gromov-Hausdorff topology) to a complete hyperbolic structure on a closed
surface with finitely many punctures, denoted by Fˆ , which is homeomorphic to F .
(2) Suppose that
lim inf
t→∞
AreaEt(F

t ) > 0.
Then F t accumulates to a bounded subset on the space of CP1-structures on Fˆ . More-
over, if ρ∞(m) 6= I for each boundary component m of F , then Ft indeed converges
to a CP1-structure on Fˆ .
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Proof. (1) Let t1 < t2 < . . . be a diverging sequence such that Area(Fti) → 0 as t → ∞.
Then the holomorphic quadratic differential on Fti asymptotically vanishes. Thus, for every
small  > 0, F ti and Xti |F ti asymptotically identical, where Xti is regarded as a hyperbolic
surface by the uniformization theorem for each i. Hence there is a sequence i > 0 converging
to 0 as i→∞, such that F iti converges to a complete hyperbolic surface Fˆ homeomorphic to
F . Since the all peripheral loops of Fˆ have parabolic holonomy (in particular non-trivial),
by Theorem 5.7, F tt must genuinely converges to σ∞ (without taking a subsequence). In
particular AreaEt F
t
t → 0 as t→∞.
(2) Suppose that lim inft→∞AreaF t > 0 for sufficiently small  > 0. Then let Fˆt denote
the singular Euclidean structure obtained from Ft by Proposition 7.2. Then Fˆt yields a
CP1-structure on Fˆ . Let (Zt, wt) be the Schwarzian parameterization of Fˆt. Then, indeed,
every puncture of Zt is, at most, a pole of order two.
As Xt is pinched along a multiloop M , Zt is bounded in the Teichmüller space T(Fˆ ). By
the upper bound of the upper injectivity radius (Theorem 6.1), the upper injectivity radius
of Fˆt is also bounded from above, and (Zt, wt) is also bounded. Therefore Fˆt is accumulated
to a bounded subset in the deformation space of CP1-structures on Fˆ .
Moreover, if each peripheral loop has non-trivial holonomy at t = ∞, the convergence
of the holonomy of Fˆt implies the convergence in (PSL(2,C)
∧
)n ×R(F ). Therefore Fˆt has a
unique limit in P(Fˆ ). 
Theorem 7.3 immediately implies
Corollary 7.4. Suppose that Xt is pinched along a multiloop M . Then, for every sequence
t1 < t2 < . . . diverging to ∞, up to a subsequence, Xti convergence to a nodal Riemann
surface X∞ and qti converges to a regular quadratic differential on X∞.
8. Degeneration for neck-pinching
Let Ct = (ft, ρt) be a path of CP1-structures which diverges to∞ such that its holonomy
[ρt] =: ηt converges in the character variety χ. By Proposition 3.2, we can assume that
the holonomy ρt ∈ R also converges in the representation variety. Let Xt be the complex
structure of Ct.
Theorem 8.1. Suppose that Xt is pinched along a loop m. Then ρ∞(m) is either I or a
parabolic element. Moreover ρt(m) 6= I for large enough t > 0.
We will show the asymptotic behavior of the developing map ft depending on the isometry
type of ρ∞(m). Recall that φ : S˜ → S is the universal covering map. Let Nm be a regular
neighborhood of m, and let N˜m be a component of φ−1(Nm) preserved by m ∈ pi1(S).
Theorem 8.2 (Convergence of developing maps). Suppose that Xt is pinched along a loop
m. Let Nm be a regular neighborhood of m in S. Then, exactly one of the following holds.
• ρ∞(m) is parabolic, and, by taking an appropriate path of markings S → Ct, the
developing map ft : S˜ \ φ−1(Nm) → CP1 converges to a ρ∞-equivariant continuous
f∞ : S˜ \ φ−1(Nm)→ CP1 uniformly on compacts.
Moreover, if the cusp neighborhoods of C∞ are a horoball quotients, then there are
a ρ∞-equivariant continuous map f∞ : S˜ → CP1 to which ft : S˜ → CP1 converges
and a multiloop M on S consisting of finitely many parallel copies of m, such that
f∞ is a local homeomorphism on S˜ \φ−1(M) and it takes each component of φ−1(M)
to its corresponding parabolic fixed point.
• ρ∞(m) = I, and, for every sequence t1 < t2 < . . . diverging to ∞, up to a subse-
quence, there is a path of markings S → Ct such that, as i→∞,
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– Cti |S \Nm converges to a CP1-structure on a surface with punctures homeomor-
phic to S \m;
– the axis ai of ρti(m) converges to a point on CP1 or a geodesic in H3;
– the restriction of fti to S˜ \ φ−1(Nm) converges to a continuous map, and that
each boundary component of N˜m maps to an ideal point of limi→∞ ai.
For each t ≥ 0, let (τt, Lt) ∈ T × ML be the Thurston parameterization of Ct, and let
βt : H2 → H3 be its pleated surface. Then βt converges a continuous map to H3 ∪ CP1.
Theorem 8.3. Suppose that Xt is pinched along a loop m on S. Let Nm be a regular
neighborhood of m on S. Then, by taking an appropriate path of markings ιt : S → τt,
exactly one of the following two holds:
(1) ρ∞(m) ∈ PSL(2,C) is parabolic, and βt : S˜ → H3 converges to a ρ∞-equivariant
continuos map β∞ : S˜ → H3 ∪ CP1 uniformly on compacts as t → ∞, such that
β−1∞ (CP1) descends to m.
(2) ρ∞(m) = I ∈ PSL(2,C), and for every diverging sequence t1 < t2 < . . . , up to a
subsequence, βti : S˜ → H3 converges to a ρ∞-equivariant continuous map β∞ : S˜ →
H3 ∪CP1 as i→∞ and the axis ai of ρti(m) converges to a point CP1 or a geodesic
of H3 such that
• if limi→∞ ai is a point on CP1, then β−1∞ (CP1) = φ−1(m), and
• if limi→∞ ai is a geodesic a∞ in H3, then β∞ takes each component of φ−1(Nm)
to its corresponding limit geodesic a∞ and the each component of S˜ \ φ−1(Nm)
to either a pleated surface in H3 or a single point on CP1.
In order to prove Theorem 8.1, Theorem 8.2 and Theorem 8.3, we carefully observe
the behavior of Ct, fixing the isometry type of ρ∞(m). In particular, we will show that,
supposing, to the contrary, that ρ∞(m) is hyperbolic (§10) or elliptic (§11), then ρt can
not converge. The convergence when ρ∞(m) = I is given in §12 and the convergence when
ρ∞(m) is parabolic is given in §9.
Pick a positive function t > 0 in t > 0 converging to 0 as t → ∞. Let Ct denote the
conformally t-thick part of Ct. Let P(S \m) be the set of the CP1-structures on a surface
with two punctures homeomorphic to S \m.
Proposition 8.4. Suppose that ρ∞(m) 6= I. Then there exists a CP1-structure Cˆ∞ ∈
P(S \m), such that, for every  > 0, the -thick part Ct of Ct converges to the -thick part
of CP1-structure Cˆ∞ uniformly.
Proof. Since Xt is pinched along m, one can construct a path Ft of P(S \m) such that, for
every  > 0, the -thick part F t of Ft and Ct become closer and closer as t → ∞. Then,
by the upper injectivity radius bound (Theorem 6.1), Ft is contained in a compact subset of
P(S \m). The holonomy map for P(S \m)→ R(S \m) is a local homeomorphism as long
as the puncture is non-trivial. Therefore Ft converges in P(S \m). 
8.1. CP1-structures on surface with punctures.
Lemma 8.5. Let F be a closed surface with finitely many punctures, such that the Euler
characteristic of F is negative. Let C = (f, ρ) be a CP1-structure on F such that
• ρ is an elementary representation, and
• for each puncture of C, its peripheral holonomy is non-hyperbolic (so that its devel-
oping image is a single point on CP1).
Then, letting Λ be the subset in CP1 of cardinality 0, 1, or 2 which Im ρ preserves, there is
at least one puncture of C which maps to the point which maps to CP1 \ Λ =: Ω
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Proof. The discrete subset f−1(Λ) descends a finite subset D on F . If Λ is the empty set,
then the assertion is obvious.
Suppose that the cardinality of Λ is two, then Ω admits a complete invariant Euclidean
metric. Then if all punctures of F map to Λ, F \ D admits a complete Euclidean metric,
which is a contradiction against the Euler characteristic of F .
Suppose that the cardinality of Λ is one. Then, if all punctures of F map to Λ, then
F admits a complete complex affine structure. The complex affine action preserves parallel
lines on C; then, again, the Euler characteristic of F \D must be non-negative, which is a
contradiction. 
Proposition 8.6. Let F be a closed surface with two punctures p and q. Suppose that
C = (f, ρ) is a CP1-structure on F such that
• the holonomy of C is elementary, and the stabilizer of Im ρ (in PSL(2,C)) is non-
discrete,
• the degrees of f around the two punctures are the same.
Then, no puncture of F maps to Λ.
Proof. By Lemma 8.5, we can assume that p does not develop to Λ. Let C ∼= (τ, L) be the
Thurston parameters of C ; then by the assumption of the holonomy, p and q correspond to
cusps of τ . Then, as the degrees at p and q agree, the total weights of leaves of L around
the punctures are the same.
Suppose, to the contrary, that a puncture q develops to a point of Λ. Then f takes all lifts
of q to the same point of Λ; Otherwise, as Λ has cardinality two, Im ρ contains hyperbolic
elements and there must be an elliptic element in Im ρ exchanging the points of Λ; then the
stabilizer of Im ρ must be discrete against the hypothesis. Therefore all leaves of L initiating
from q must end at p. Then, for every complementary region R of τ \ L, letting R˜ be the
universal cover of R (in τ˜ = H2), at most, one ideal point of R˜ maps to q by the pleated
surface.
In addition, every leaf of L initiating form pmust end at q, as the total weights of L around
p and q agree. Then f must be a covering map onto CP1 minus two points corresponding
to p and q, and therefore F is a cylinder; this is a contradiction. 
9. Parabolic limit
In this section, we assume that ρ∞(m) is parabolic. Then, by Theorem 7.3, for each
component F of S \ m, by taking an appropriate base point bt in the thick part of Ct
homotopic F , (Ct, bt) converges to a CP1-structure F∞ on a compact surface with one or
two punctures, such that F∞ is homeomorphic to F . Let C∞ be the disjoint union of all
F∞ for all components of S \ m, so that C∞ is a CP1 on a closed surface with two cusps
homeomorphic to S \m. (C∞ is not connected, if m is separating.)
Lemma 9.1. Suppose that ρ∞(m) is parabolic. Then, for each component F of S\m, ρ∞(F )
is non-elementary.
Proof. Let (σ, ν) be the Thurston parameterization of F∞, where σ is a complete closed
hyperbolic with one or two cusps homeomorphic to F and ν is a measured lamination on
σ. Clearly, the cusps of F∞ correspond to the cusps of σ. Then there is a bi-infinite simple
geodesic ` properly embedded in σ such that ` is a leaf of ν or disjoint from ν (note that
each endpoint of ` is at a cusp of σ).
Let β : H2 → H3 be the pleated surface given by (σ, ν), such that β is equivariant by
ρ∞|pi1(F ). Then β(`) is a biinfinite geodesic in H3, and its endpoints on CP1 are the parabolic
fixed points of different peripheral elements of pi1(F ). Then, as they do not commute, those
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Figure 8. An elliptic ρti(m) close to a parabolic.
parabolic elements generate a non-elementary subgroup of PSL(2,C), which is contained in
ρ∞(F ). 
Proposition 5.2 implies:
Lemma 9.2. Let C = (f, ρ) be a CP1-structure on a closed surface with finitely many
punctures, denoted by F , such that the holonomy around each puncture is parabolic. Then
the developing map f : F˜ → CP1 extends continuously to the lift of punctures so that they
map to their corresponding parabolic fixed points.
For every  > 0 is the -thick part of Ct converges to the -thick part of C∞. By Theorem
5.7, Hence
Theorem 9.3. Suppose ρ∞(m) is parabolic. Then there is a regular neighborhood N of m
such that ft|S˜\φ−1(N) converges to a ρ∞-equivariant continuous map f∞ : S˜\φ−1(N)→ CP1,
such that each boundary component of S˜ \ φ−1(N) maps to its corresponding parabolic fixed
point.
Lemma 9.4. Suppose that cusps of C∞ have horodisk quotient neighborhoods. Then, for
sufficiently large t > 0, ρt(m) is hyperbolic.
Proof. We show that ρ∞(m) can not be neither the identity I, a parabolic element or an
elliptic element.
First suppose, to the contrary, that, there is a diverging sequence t1 < t2 < . . . such that
ρti(m) = I. Then, for i 0, there is a round cylinder Ati in Eti homotopic to m such that
ModAti →∞. Therefore, as the holonomy of each component is non-elementary by Lemma
9.1, there is a component P of S \m, such that ρti |P diverges to infinity, possibly, up to a
subsequence, which contradicts the hypothesis.
Next suppose there is a diverging sequence t1 < t2 < . . . such that ρti(m) is parabolic.
Then, for each i 0, there is a CP1-surface with punctures, denoted by C ′ti , homeomorphic
to S \m, such that the holonomy of C ′ti is ρti |S \m and, for every  > 0, the -thick part of
C ′ti converges to the -thick part of C∞ as i → ∞. Then Cti is obtained by removing cusp
horodisk neighborhoods Ni of C ′ti and gluing them together around the boundary compo-
nents. Therefore, for each i = 1, 2, . . . , there is a Euclidean cylinder Ati in Eti with geodesic
boundary such that Ati is homotopic to m and ModAti → ∞ as i → ∞. As the holonomy
of each component C∞ is non-elementary, the holonomy of Cti must diverge to ∞, which
contradicts our hypothesis.
Suppose that there is a sequence t1 < t2 < . . . diverging to∞ such that ρti(m) is elliptic.
For sufficiently small  > 0, let N i be the component N i of the -thin part of Cti homotopy
equivalent to m on S. Note that N i converges to two cusp neighborhoods of C∞. Then,
since each cusp of C∞ has a horodisk quotient neighborhood and ρti converges in χ, if  > 0
is sufficiently small, then for i  0, the developing image of N i contains no fixed point of
the elliptic element ρti(m). As the elliptic element ρti(m) converges to I, there can not be
such a developing map fti realizing the conditions. 
Theorem 9.5. Suppose that ρ∞(m) is parabolic. Then, up to an isotopy of S in t, βt ◦
κ˜t : S˜ → H3 converges to a ρ∞-equivariant continuous map α : S˜ → H3 ∪ CP1 such that
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• α−1(CP1) covers the loop m by the universal covering map φ : S˜ → S, and
• for each component P of S˜ \ φ−1(m), βt ◦ κ˜t|P converges to the pleated surface for
the component of C∞ corresponding to P .
Proof. The second assertion holds immediately from Theorem 9.3.
The axis at of ρt(m) converges to the parabolic fixed point of ρ∞(m). As in Lemma 9.4,
one can show can ρt(m) 6= I for sufficiently large t > 0. Let D ⊂ H3 be a horoball centered
at the parabolic fixed point of ρ∞(m). Then we pick a continuous path of ρt(m)-invariant
subsets Dt in H3 converging to D as t→∞, such that,
• if ρt(m) is hyperbolic or elliptic then, Dt is a neighborhood of the axis at of ρt(m)
bounded by the surface equidistant from at, and
• if ρt(m) is parabolic, then Dt is a horoball centered at the parabolic fixed point of
ρt(m).
Pick a sufficiently small δ > 0. For sufficiently large t > 0, let N δt be the component of
the δ-thin part of τt homotopic to m, and let N˜ δt be the lift of N δt to τ˜ ∼= H2. If δ > 0 is
sufficiently small, by the convergence of ρt, the βt,δ-image of N˜t,δ is eventually contained in
Dt. This implies the first assertion. 
Theorem 9.6. Suppose that ρ∞(m) is parabolic, and each cusp of C∞ has a horodisk quotient
neighborhood. Then, by an appropriate isotopy of S in t, ft : S˜ → CP1 converges to a ρ∞-
equivariant continuous map S˜ → CP1 such that, for some multiloop M on S,
• f∞ is a local homeomorphism on S˜ \ φ−1(M), and
• f∞ takes each component of φ−1(M) to its corresponding parabolic fixed point.
Figure 9. Normalisation and the isotope of the fundamental domain
Let γt ∈ PSL(2,C), t ≥ 0 be a path of hyperbolic elements such that γt converges to
a parabolic element in PSL(2,C) as t → ∞. Let Gt be the one-parameter subgroup of
PSL(2,C) containing γt such that the cyclic group generated by γt is asymptotically dense
in Gt with respect to the path metric on Gt induce by the invariant metric on PSL(2,C).
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For each t ≥ 0, let c˜t : R → CP1 be a non-constant trajectory of Gt. Then CP1 \ (c˜t ∪
Fixγt) is topologically an open disk invariant under 〈γt〉 ∼= Z. Let At be the quotient of
CP1 \ (ct∪Fix γt) =: A˜t by the infinite cyclic group 〈γt〉, which is a cylinder; let φt : A˜t → At
be the covering map.
Then ModAt →∞ as t→∞. Notice that At is foliated by loops whose lifts areGt-orbits.
Pick a cylinder A′t in At bounded by two leaves of the foliation such that, for every  > 0,
if t > 0 is large enough, A′t is contained in the -thin part of At. Let A be the underlying
topological cylinder, and let m be a loop in the interior of A homotopy equivalent to A; let
A˜ be the universal cover of A, and m˜ be the lift of m to A˜.
Lemma 9.7. By taking an appropriate isotopy of A, the developing map dt : A˜ → CP1 \ c˜t
converges a 〈γ∞〉-equivariant continuous map d∞ : A˜→ CP1 such that
• d∞ takes m˜ to the parabolic fixed point of γ∞, and
• d∞ is a local homeomorphism on A˜ \ m˜, and d∞ yields a CP1-structure on A \m so
that the each component of A \m has a cusp (corresponding to m).
Proof. Continuously conjugate γt to by elements ωt of PSL(2,C), such that the axis of ωt ·γt
is the geodesic connecting 0 and ∞ in CP1 = C ∪ {∞}. Conformally identify A˜t with a
component Rt of C \ exp−1(ωtct). Take a “Z-shaped” fundamental domain of the cylinder At
in Rt (see Figure 10) in the domain Ft in Rt, such that
• Ft is the union of two isomeric trapezoids T1,t and T2,t and a parallelogram Pt,
• exp: C→ C∗ identifies the edge e1,t of T1,t contained in exp−1(ωtct) and the edge e2,t
of T2,t contained in exp−1(ωtct), and
• for every  > 0 if t > 0 is sufficiently large, then exp(Pt) maps into the -thin part of
At.
Pt
T1,te1,t
T2,t
e2,t
Rt
˜`
t
Figure 10. Left, Ft ⊂ Rt ⊂ C. Right, the exp-image of Ft.
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Figure 11.
In addition, by the convergence of γt to the parabolic element γ∞, we may in addition
assume that, for t  0, exp e1,t and exp e2,t are contained in a compact subset of CP1 \
Fix(γ∞). where Fix γ∞ is the parabolic fixed point of γ∞.
Then dt|T1,t and dt|T2,t each converge to a fundamental domain of a hyperbolic cusp
neighborhood. Then, since exp(Pt) is contained in the -part of At, for every neighborhood
of Fix γ∞, if t ≥ 0 is sufficiently large, dt(Pt) is contained in the neighborhood. 
Let `t be the leaf of At dividing At into two isomorphic (projective) cylinders. Note that
`t is an admissible loop on At. Let Bt be the 2pin-grafting Grn`t(At) of At along `t, which
remains to be a projective structure on a cylinder A whose holonomy is the isomorphism
onto 〈γt〉. Let φ : A˜→ A be the universal covering map.
Proposition 9.8. There is a multiloop M on the interior of A consisting n-parallel copies
of m, such that, up to an isotopy, dev(Bt) : A˜t → CP1 converges to a 〈γ∞〉-equivariant
continuous map d∞ : A˜→ CP1 such that
• d∞ is a local homeomorphism in the complement of φ−1(M), and
• d∞ yields a CP1-structure A∞ on A \M , and for each component F of A \M , if F
is bounded by two loops of M , A∞|F is a biinfinite Euclidean cylinder, and if F is
bounded by a single loop of M , A∞|F has a single hyperbolic cusp neighborhood.
Proof. We describe how the fundamental domain Ft of At in C changes by the grafting.
Notice that φ−1t (`t) =: ˜`t divides the infinite strip Rt into two isometric infinite stripes. Then
˜`
t intersects Ft in a segment s in the parallelogram Pt. Then the fundamental domain F nt for
Grn`t(At) is obtained by inserting, along ˜`t a parallelogram P
n bounded by vertical translates
of st and vertical edges of length 2pin (see Figure 12 for P 1).
The exponential map exp: C→ C\0 conformally identifiesRt with A˜t ⊂ CP1, exp−1(ωtti`t)
is a set of parallel lines in C transitive by the vertical translations by 2pi-multiples. Then the
universal cover of B˜t is identified with the domain between two lines, so that the developing
map corresponds to ω−1t exp . Then let Mt be the multiloop on Bt obtained from the inverse-
image of `t by devBt. Then, the inverse image of `t decomposes the inserted parallelogram
P n into n isometric parallelograms P ′1, . . . , P ′n, whose vertical edges have length 2pi.
Then, for each i = 1, . . . , n, P ′i converges to the fundamental domain of the Euclidean
cylinder (CP1 \ Fix(ρ∞))/〈γ∞〉 such that the boundary components of Pi converges to the
constant map to the parabolic fixed point of γ∞. 
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P 1
Figure 12. F 1t
Proof of Theorem 9.6. By Theorem 9.3, we already know the convergence of the developing
map in the every thick part. The convergence of the thin part is given by Proposition 9.8
and Lemma 9.7. 
9.1. Convergence in holomorphic quadratic differential in the case of parabolic
cusps. By Theorem 6.1, Corollary 6.2, Theorem 5.7, we have
Theorem 9.9. Suppose that ρ∞(m) is parabolic. Then Xt converges to a nodal Riemann
surface X∞ such that X∞ minus the node is homeomorphic to S \ m and qt converges a
regular quadratic differential q∞ on X∞.
10. ρ∞(m) can not be hyperbolic
In this section, we show that ρ∞(m) can not be a hyperbolic element.
Claim 10.1. Suppose that Xt is pinched along a loop m and, to the contrary, ρ∞(m) is
hyperbolic. Then
(1) Ct converges to a CP1-structure C∞ on a compact surface with two punctures, which
is homeomorphic to S \m, in the sense that, for every  > 0, the -thick part of Ct
converges to the -thick part of C∞ uniformly, and
(2) ρ∞(F ) is non-elementary for each component F of S \m.
Proof. (1) is an immediate corollary of Proposition 8.4.
(2) Let F∞ be the component of C∞ corresponding to F . Then let (σ, ν) be the Thurston
parametrizaition of F∞. Note that σ is a hyperbolic surface with geodesic boundary, such
that the lengths of the boundary components are the translation length of ρ∞(m) (see the
proof of Lemma 5.4). Let (σ˜, ν˜) be the universal cover of (σ, ν) so that σ˜ is a convex subset
of H2 bounded by geodesics and that ν˜ is a pi1(σ)-invariant lamination on σ˜. Let α : σ˜ → H3
be its pleated surface equivariant by the holonomy of F∞.
Let ` be a boundary geodesic of σ˜. Then the endpoints of α(`) are in the limit set Λ of
HolF∞, as α(`) is the axis of the hyperbolic ρ∞(m). Every component R of σ˜ \ ν˜ has at
least three ideal points. Then the ideal points of α(R) are in Λ (see [Bab]). Thus ρ∞|F is
non-elementary. 
Lemma 10.2. For each cusp p of C∞, there is a neighborhood of p foliated by isomorphic
admissible loops which develop to simple curves on CP1 invariant under a one-parameter
subgroup in PSL(2,C) containing ρt(m).
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Proof. The developing map near a cusp neighborhood is the restriction of the exponential
map exp: C→ C∗; moreover, by taking an appropriate neighborhood, one can assume that
the restriction is to a half plane bounded by a straight line in C invariant under the deck
transformation corresponding to ρt(m).
The half plane is foliated by straight lines parallel to the boundary, and this foliation
descends to a desired foliation of the cusp neighborhoods by admissible loops. 
Claim 10.3. If  > 0 is sufficiently small, then, for every sufficiently large t > 0, there is a
cylinder At in Ct homotopy equivalent to m such that
• At changes continuously in t 0;• At is foliated by admissible loops whose developments are invariant under a one-
parameter subgroup Gt in PSL(2,C) containing ρt(m);
• At contains the conformally -thin part of Ct;
• Ct \ At converges to a CP1-structure on S \m whose boundary components are ad-
missible loops.
Proof. Consider the cusp neighborhoods of C∞ foliated by admissible loops by Lemma 10.2.
By the convergence of Lemma 10.1 and the stability of the admissible loops, for t 0, there
is a cylinder At foliated admissible loops whose developments are invariant under Gt. Then
it is easy to realized other desired properties. 
By Claim 10.1 (2), the developing map of Ct \ At converges uniformly on compacts.
The developing map of the cylinder At is the immersion into the region bounded by the
developments of the two boundary components of Ct \At. Then, because of the convergence
of Ct \At, At must converge. Thus Ct converges to a CP1-structure on S— this contradicts
against the divergence of Ct in the deformation space. Hence ρ∞(m) can not be hyperbolic.
11. ρ∞(m) can not be elliptic
In this section, we show that ρ∞(m) cannot be elliptic. To show this, we assume, to the
contrary, that ρ∞(m) is elliptic and reduce a contradiction against the convergence of ρt as
t→∞. By Proposition 8.4, we have
Proposition 11.1. Suppose that ρ∞(m) is elliptic. Then Ct converges to a CP1-structure
C∞ on a compact surface minus two points homeomorphic to S \m, in the sense that, for
every  > 0, the -thick part of Ct converges to the -thick part of C∞.
Lemma 11.2. For each component F∞ of C∞, the stabilizer of ρ∞(F∞) by conjugation is a
discrete subgroup in PSL(2,C).
Proof. Let F∞ be a component of C∞. Then let (σ, ν) be the Thurston parametrization of
F∞, and let (σ˜, ν˜) be the universal cover of (σ, ν). Then the rotation angle of the elliptic
element ρ∞(m) is, modulo 2pi, equal to the total weight, give by ν, of the leaves ending at
a puncture (Proposition 5.2). Let β∞ : σ˜ → H3 be the equivariant pleated surface. Pick an
isolated leaf ` of ν whose endpoints are at cusps of ν. Let ˜` be a leaf of ν˜ which is a lift of
`. Then its image β∞(`) is a geodesic in H3, and its endpoints are fixed points some elliptic
elements in ρ∞(F∞).
Moreover, the geodesic ` bounds a component P of σ˜ \ ν˜, and P has at least three ideal
points. Then for each ideal point p of P , let γ ∈ pi1(F∞) be such that γ fixes p. Then
β∞(p) is fixed by the elliptic element ρ∞(γ). Therefore, the stabilizer of ρ∞(F∞) is a discrete
subgroup of PSL(2,C). 
Lemma 11.1 and Lemma 11.2 imply:
Proposition 11.3. If  > 0 is sufficiently small, then for every sufficiently large t > 0, there
is a cylinder At in Ct homotopy equivalent to m such that
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• At changes continuously in t 0;• At is foliated by loops whose developments are invariant under the one-dimensional
subgroup Gt of PSL(2,C) containing ρt(m), and Gt converges to a one-dimensional
subgroup G∞ of PSL(2,C) containing ρ∞(m);
• At contains the conformally -thin part of Ct homotopic to m;
• Ct \ At converges to a CP1-structure on S \ m such that the boundary components
cover round circles on CP1.
Proposition 11.4. Suppose that ρ∞(m) is parabolic. Then Ct converges to a CP1-structure
on S, which is a desired contradiction.
Proof. Fix sufficiently small  > 0, and let At be a cylinder given by Proposition 11.3. Let
φt : C˜t → Ct be the universal covering map. Then the developing map of C˜t \ φ−1t (At) con-
verges uniformly on compacts. Let A˜t be a component of φ−1(At) which changes continuously
in t. Then ft converges on the boundary components of A˜t and thus At must converge (up
to isotopy). Therefore Ct converges to a CP1-structure on S, which is a contradiction. 
12. Limit when ρ∞(m) = I.
Let A be a regular neighborhood of m on S. Let (τt, Lt) be Thurston parameters of Ct.
Let βt : H2 → H3 be its ρt-equivariant pleated surface. Let κt : C → τ be the collapsing map,
and κ˜t : C˜ → H2 denote the lift of κ to the map between their universal covers.
Theorem 12.1. Suppose that ρ∞(m) = I. Then the following holds:
(1) ρt(m) 6= I for sufficiently large t > 0.
(2) The Fenchel-Nielsen twisting parameter (in R) of Xt along m diverges to either ∞
or to −∞.
(3) For every diverging sequence 0 < t1 < t2 < . . . , there is a subsequence such that
(a) the axis ati converges to a point on CP1 or a geodesic in H3, denoted by a∞;
(b) there is a CP1-structure in P(S \m) such that, for every  > 0, the -thick part
of Cti converges to the -thick part of C∞ uniformly;
(c) up to an isotopy of S in t, the restriction of fti to S˜ \ φ−1(A) converges to a
ρ∞-equivariant continuous map f∞ : S˜ \ φ−1(A) → CP1 as ti → ∞ such that,
for each component A˜ of φ−1(A), its boundary components map onto the ideal
points of a∞.
(4) the pleated surface κ˜ti ◦ βti : S˜ → H3 converges to a ρ∞-equivariant continuous map
S˜ → H3 ∪ CP1, up to an isotopy of S.
Notice that, in (3c), if a∞ is a geodesic, then the different boundary components of A˜
map to the different endpoints of a∞.
We will prove (4) in the next section (§12.0.1). In this section, we will prove the other
assertions: (1) will be proved in Lemma 12.7; (2) will be proved in Lemma 12.8; (3c) will be
proved in Proposition 12.11. The proof of (3b) is similar to the proof of Proposition 8.4.
Let C∞ ∼= (σ∞, ν∞) denote the Thurston parameterization, where σ∞ be a hyperbolic
structure in the Teichmüller space T(S \m) and ν∞ be a measured lamination on σ∞. Then
σ∞ has two cusps, and, at each cusp c of σ∞, there are only finitely many leaves of ν∞ ending
at c, and, since ρ∞(m) = I, the total weight of those leaves is a positive 2pi-multiple.
Lemma 12.2. If ν∞ contains an irrational sublamination, then the holonomy of C∞ is
non-elementary.
Proof. Suppose that ν∞ contains an irrational sublamination. Then there is a minimal irra-
tional sublamination N of L, so that every leaf of N is dense in N . Let F be a (topologically)
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smallest subsurface of S containing N , such that F ⊂ N is a pi1-injective. Let ` be a geodesic
loop in σ∞ which is a good approximation of N . Let β∞ : H2 → H3 be the equivariant pleated
surface corresponding to (σ∞, ν∞). Then, for each component R of F \ `, the restriction of
β∞ to R is a quasi-isometric embedding ([Bab10]). Thus ρ∞|pi1R is non-elementary, which
immediately implies the lemma. 
Using the assumption that Ct is pinched along a single loop (not a multiloop), we prove
the following:
Proposition 12.3. For each component F of S \ m, the restriction of ρ∞ to pi1F is a
non-trivial representation.
Proof. If ν∞ contains an irrational lamination, by Lemma 12.2, ρ∞ is non-elementary. Then
we can assume, without loss of generality, that ν∞ contains only isolated leaves, and ν∞
divides σ∞ into ideal polygons.
Since each component of σ∞ has one or two cusps, there is a leaf ` of ν∞ whose endpoints
are at a single cusp c of σ∞. Let D be a small horodisk quotient neighborhood of c. Then
` \D is a long geodesic segment, and by connecting its endpoints by a horocyclic arcin ∂D,
we obtained a simple loop γ (which is a good approximation of `).
Notice that β∞(`) is a (biinfinite) geodesic in H3. Then the holonomy along γ takes one
endpoint of β∞(`) to a point close to the other endpoint, and thus ρ∞(γ) 6= I. 
Lemma 12.4. Let G be a non-trivial subgroup of PSL(2,C). Consider the (pointwise) sta-
bilizer of G by conjugation by PSL(2,C). Suppose that the stabilizer is continuous. Then
there is a set Λ of one or two points of CP1 fixed pointwise by the action of G.
Proof. Suppose that G has a continuous stabilizer. Then, clearly, G is an elementary sub-
group of PSL(2,C). First suppose, in addition, that G contains a hyperbolic element h.
Then no element in G exchanges the fixed points of h, as otherwise the stabilizer can not
be continuous. Therefore Λ is the fixed point set of h, and all elements in G \ {I} must be
hyperbolic or elliptic elements with the same axis.
Next suppose that G contains a parabolic element p. Then there is no elliptic element
or hyperbolic element in G, as otherwise the stabilizer can not be continuous. Then Λ must
be the single fixed point of p, and all G \ {I} are all parabolic elements with the same fixed
point.
Suppose that G contains an elliptic element e and contains no hyperbolic element. Then,
similarly, Λ must the fixed point set of e, and G contains no parabolic element. Moreover
G \ {I} are all elliptic elements with a common axis. Then Λ is the set of the two endpoints
of the axis. 
Given a CP1-surface with a puncture such that the holonomy around the puncture is
trivial, its developing map continuously extends to the puncture, so that it is a branched
covering map near the puncture.
Lemma 12.5. Let F be a compact surface with finitely many punctures, such that the Euler
characteristic of F is negative. Let (f, ρ) be a developing pair of a CP1-structure C on F
such that
• ρ : pi1(F )→ PSL(2,C) is not the trivial representation,
• the holonomy around each puncture is trivial, and
• the stabilizer of Im ρ in PSL(2,C) is continuous; thus let Λ ⊂ CP1 be the one- or
two-point set in Lemma 12.4.
Then, there is a puncture p of F such that f(p) is not a point of Λ.
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Proof. Notice that CP1 minus Λ admits a complete Euclidean metric invariant under Im ρ
(unique up to scaling). Thus, if f takes all punctures of F into Λ, then F minus finitely many
points admits a complete Euclidean metric. This is a contraction as the Euler characteristic
of F is negative. 
Proposition 12.6. Let F be a compact connected surface with two punctures, such that the
Euler characteristic of F is negative. Let C = (f, ρ) be a CP1-structure on F , such that
• Im ρ has a continuous stabilizer in PSL(2,C);
• the holonomy around punctures are trivial;
• the degrees around the two punctures are the same.
Then no puncture of C maps to a point of Λ by f , where Λ is as in Lemma 12.4.
Proof. By Lemma 12.5, at least one puncture q must develop to a point in the complement
of Λ. Suppose, to the contrary, that there is a puncture p of C which develops to a point in
Λ.
Let (τ, L) be the Thurston parameters of C. As ρ is elementary, by Lemma 12.2, L
consists of isolated leaves. By the third condition, the total weights of leaves of L ending
p and q are the same 2pi-multiple; let 2pid denote the total weights, where d is the degree.
As Im ρ has a continuous stabilizer, f(p) must be preserved by Im ρ. Thus every leaf of L
starting from p must end at q. Thus, as the total weights agree, every leaf of L must connects
p and q.
Let R be a component of τ \ L, and let R˜ be a lift of R to the universal cover τ˜ ∼= H2.
Then β : H2 → H3 isometrically embeds R˜ into a totally geodesic hyperbolic plane, which
has at least three ideal vertices. As all lifts of p to the ideal boundary of τ˜ map to the single
point in Λ, there is exactly one point of R˜ corresponding to p. Then there must be an edge
of R˜ connecting different lifts of q. This is a contradiction. 12.6
Let m˜ be a lift of m to S˜. Let Q and R be the adjacent components of S˜ \ φ−1(m) along
m˜. Let StabQ and StabR denote the stabilizers, in pi1(S), of Q and R. We first prove (1)
in Theorem 12.1.
Lemma 12.7. For sufficiently large t > 0, ρt(m) 6= I.
Proof. Suppose, to the contrary, that there is a diverging sequence 0 ≤ t1 < t2 < . . . such
that ρti(m) = I for each i. We may, in addition, assume that Cti converges to C∞ as i→∞
uniformly on compacts as i→∞. Then, as ρti(m) = I and Ct is pinched along m, for i 0,
there is a cylinder Ai in Cti homotopic to m such that
• Ai is bounded by round circles (i.e. the development of each boundary component is
a round circle on CP1),
• ModAi →∞, and
• Ci \ Ai converges to C∞ minus cusp neighborhoods bounded by round circles.
Then, by Proposition 12.6, Lemma 12.5, and Proposition 12.3, either ρti | StabR or ρti | StabQ
must diverge to ∞ in the PSL(2,C)-character variety. This is a contradiction against the
convergence of ρt. 
Lemma 12.8. The Fenchel-Nielsen twist coordinate along m must diverge to ∞ or −∞ as
t→∞.
Proof. The proof is similar to that of Lemma 12.7. 
Then, for each t > 0, let ιt be some power of the Dehn twist of S along m such that
the twist coordinated of ιtCt along m is bounded from above and below uniformly in t > 0.
Then, by Lemma 12.8, the power must diverge to either ∞ or −∞ as t→∞.
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There is a sequence 0 ≤ t1 < t2 < . . . such that Cti → C∞ as i → ∞ uniformly on
compact. Let F be a component of S \m. Let F˜ be the universal cover of F .
First suppose that ρ∞|F has a discrete stabilizer (in PSL(2,C)). Let F∞ be a component
of C∞ which corresponds to F . Then devF∞ is the limit of fti |F˜ , so that limi→∞ fti takes
each boundary components of F˜ to a single point corresponding to a cusp of C∞.
Pick a fundamental domain Di in F˜ with an arc si on ∂Di ∩ ∂F˜ such that si descends
to a loop mi isotopic to m, it is contained in the i-thin part of Cti with i ↘ 0 as i → ∞,
and the development of mi is invariant under a one-dimensional subgroup Gi of PSL(2,C)
containing ρi(m). As ρti(m)→ I, the image of si becomes more and more like a round circle
ci as i→∞.
Next suppose that ρ∞(F ) has a continuous stabilizer. Then ρ∞(F ) is elementary, and
the restriction of fti to F˜ may not converges to a local homeomorphism, even, up to a
subsequence. Nonetheless, as Ct accumulates to a bounded subset of P(S \ m), we can
certainly normalize it in a nice way:
Lemma 12.9. Suppose that there is no subsequence of ti such that fti |F˜ converges to a de-
veloping map of F∞. Then there is a sequence γi of PSL(2,C) such that, up to a subsequence,
γi(fti |F˜ , ρti |F ) converges to a developing pair (h∞, ζ∞) of F∞.
Proposition 12.10. Suppose that there is no subsequence such that fti |F˜ converges to
a developing map of F∞. Then fti |F˜ converges to a ρ∞|F -equivariant continuous map
fF,∞ : F˜ → CP1 uniformly on compacts, such that each boundary component of F˜ maps
to a single point. Moreover, fF,∞ is either a constant map to a fixed point of ρ∞|F or a there
are open disks D1, . . . , Dn on F such that fF,∞ takes F˜ \ φ−1(D1 unionsq · · · unionsqDn) to a fixed point
p of ρ∞(F ) and each lift D˜i of Di to CP1 \ {p} for all i = 1, . . . , n.
Proof. Let γi ∈ PSL(2,C) be the sequence obtained by Lemma 12.9.
First suppose that ρ∞(F ) is loxodromic or elliptic. Then let ` be the axis of ρ∞(F ). Then
γi will be a hyperbolic element for sufficiently large i, and, as i→∞, the translation length
of γi diverges to infinity and Axis(γi) converges to `. Let p be the limit of the repelling fixed
point of γi, and let q be the limit of the attracting fixed point of γi, so that {p, q} are the
endpoints of `.
Take a connected fundamental domain Q in F˜ so that the h∞(∂Q)∩{p, q} = ∅. Suppose
that h∞(Q) is disjoint from q. Then, letting fi = fti , the restriction fi|Q converges to the
constant map to p uniformly, as i → ∞, and thus fi : F˜ → CP1 converges to the constant
map to p uniformly on compacts. Suppose that h∞(Q) ∩ {q} 6= ∅. Then there are finitely
many points of h−1∞ (q) in the interior of Q. Pick disjoint open disk neighborhood of the
points in h−1∞ (q) in Q, and let D1, . . . , Dn be their disjoint images on F . Then, up to an
isotopy of F , the restriction of fi to F˜ \φ−1(D1unionsq· · ·unionsqDn) converges to the constant map to p
uniformly on compacts and for each lift D˜i of Di to F˜ , fi|Di converges to a homeomorphism
to CP1 \ {p}, as desired. By Lemma 8.5 and Proposition 8.6, the boundary components of
F˜ all map to p.
Next suppose that ρ∞(F ) is parabolic. Let p be the parabolic fixed point of ρ∞(F ). Then
then Axis γi converges to p as i → ∞. By normalizing CP1 appropriately, we may assume
that γi is asymptotically in the form of
[
1 ci
0 1
]
and ‖ci‖ → ∞. Then up to a subsequence,
we may in addition assume that arg ci converges as well. Then, similarly, pick a fundamental
domain Q in F˜ so that h∞(∂Q) does not intersect p. Suppose that there is no point of Q
maps to p by h∞. Then fi|F˜ converges to the constant map to p uniformly on compacts.
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Otherwise there are finitely many points z1, z2, . . . , zn of the interior of Q, which map to
p. Normalize CP1 = C ∪ {∞} so that p =∞. Then consider a half plane H of C (bounded
to by a straight line) such that ∂H is asymptotically orthogonal to ci (regarded as a vector)
but not containing ci (as a point) for sufficiently large i, so that the translation of H by ci
will asymptotically be the entire complex plane C as i → ∞. Then, for each point zj in Q
mapping to p, takes a sufficiently small round ball such that it boundary contain zj and its
h∞-image is the half plane H. Then, take disjoint open disks D1, . . . , Dn on F which lift to
those open balls in Q, we can show the desired convergence.
Last suppose that ρ∞(F ) is the trivial representation. Then the normalized holonomy
ζ∞ is a parabolic representation. Let p be the parabolic fixed point of ζ∞. Pick a connected
fundamental domain Q in F˜ so that h−1(p) is disjoint from ∂Q. Suppose in addition that no
point of Qmaps to p. Then, up to a subsequence, fi|F˜ converges to a constant map uniformly
on compacts. Suppose there are (finitely many) points of Q which map to p. Then, similarly
to the case of hyperbolic and elliptic element, take disjoint open ball neighborhoods of those
points in Q, and let D1, D2 . . . Dn be disjoint disks on F which lift to those open balls. Then
the desired convergence follows similarly. 
By Proposition 12.10, the restriction of fi to S˜ \ φ−1(A) converges to a ρ∞-equivariant
map f∞ : S˜ \ φ−1(A)→ CP1 (3c).
Proposition 12.11. For each component A˜ of φ−1(A), let γ ∈ pi1(S) be the representative
of m preserving A˜. Then, by taking a subsequence so that Axis(ρtiγ) =: ai converges to a
subset a∞ ∈ H3 ∪ CP1, which is either a point on CP1 or a geodesic in H3, then f∞ takes
the boundary components of A˜ onto the ideal points of a∞.
Proof. By Lemma 12.7, ρti(m) 6= I for sufficiently large i ∈ Z>0. Then, by taking a subse-
quence, we may in addition assume that ρti(γ) converges to I tangentially to a unite tangent
vector of PSL(2,C) at I. We let Gi denote the one-parameter subgroup of PSL(2,C) which
contains ρti(γ), such that the cyclic group generated by ρti(γ) is asymptotically dense in
Gi with respect to the intrinsic metric on Gi. Then the trajectories of Gi yields a unique
foliation of H3 except that, if ρti(γ) is elliptic, only of H3 \ ai (Figure 14). We have chosen
a subsequence ti so that Cti → C∞ uniformly on every thick part and the axis ai converges
to a closed subset a∞ of H3. Let P,Q be the components of S˜ \ φ−1(N) adjacent across N˜ .
Claim 12.12. Let ` be the common boundary component of P and N˜ . Suppose, to the
contrary, that lim fti(`) is not a point of the limit axis a∞. Then ρti |Q diverges to ∞ in χ.
Proof. Let ιi be some power of the Dehn twist of S along m so that the Fenchel-Nielsen twist
parameter of ιiXti along m is bounded from above and below uniformly in i.
Let r be the common boundary component of N˜ and Q. By Proposition 12.3, there is
γ ∈ pi1S belonging to StabQ such that ρ∞(γ) is not the identity matrix. We may in addition
assume the axis of ρi(ιi·γ) converges to the point fF,∞(`) on CP1 (if ρ∞(StabQ) is elementary,
use Lemma 12.5 and Proposition 12.6). By the tangential convergence of ρi(m) → I, the
Gi-invariant foliation of H3 by Fi converges to a foliation of F∞ of H3. If fP,∞(`) is not the
ideal point of a∞, Axis(ρi(ιγ)) be eventually disjoint from every compact subset in the space
of the leaves of F∞. Therefore Axis(ρi(γ)) leaves every compact subset of the leaf space
of F∞, and thus ρi(γ) must diverge to ∞ in PSL(2,C), which is a contradiction. (Figure
13.) 
This claim completes the proof. 12.11
It remains only to prove the surjectivity in (3c):
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The axis at the puncture. The axis off the puncture; diverging.
Figure 13.
Lemma 12.13. Suppose that a∞ is a geodesic in H3. Then f∞(`) and f∞(r) are the different
endpoints of a∞.
Proof. By Claim 12.12. fi|` converges to the constant map to an endpoint of a∞.
Let ni ∈ Z be the power of the Dehn twist along m which gives ιi ∈ pi1(S). Thus ρi(γni)
is a hyperbolic element whose axis ai converges to a∞ and its translation length diverge to
infinity. Then the attracting fixed point of ρi(γni) converges to the endpoint of a∞ which is
not f∞(`). Thus f∞(q) must be at the other endpoint. 
Figure 14.
12.11
12.0.1. Convergence of pleated surfaces when ρ∞(m) = I. First we compare developing maps
of CP1-structures and the exponential map exp: C → C∗. Let ` be the geodesic in H3
connecting 0 to∞. Let Ψ: C∗ → ` be the continuous extension of the nearest point projection
H3 → `. Then, the composition is Ψ◦ exp: C→ H3 is the Epstein map of the CP1-structure
on C given by exp.
Recall that, given a CP1-structure C = (X, q), for x ∈ C, d(x) is the Euclidean distance
from the zeros of the holomorphic differential q. Note that, if d(x) is large, then we can
naturally embeds a large neighborhood of x into C(∼= E2) by an isometric map onto its
image, so that vertical leaves map into horizontal lines, and horizontal leaves map into
vertical lines.
Proposition 12.14. For every  > 0, there is R > 0, such that, if x ∈ C satisfies d(x) > R,
then the Epstein map Σ: C˜ ∼= S˜ → H3 is -close in the C1-topology and the composition of
the collapsing map κ˜ : S˜ → H2 and the bending map β : H2 → H3 at every lift x˜ of x.
Proof.
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Lemma 12.15. For every  > 0, there is R > 0 such that, if z ∈ C˜ satisfies d(z) > R, then
the restriction of Σ to the 1

-neighborhood N1/(z) of z is -close to w 7→ Ψ exp( w√2) on the
corresponding region in C.
Proof. By Lemma 2.4, the vertical leaves on Σ are almost geodesic on H3, and on the other
hand, horizontal leaves on Σ is very short in H3. Moreover the vertical and horizontal
direction are orthogonal. The curvature estimate along the horizontal direction is given
by Lemma 4.1. Therefore Σ is -close to ω 7→ Ψ exp( w√
2
) in both horizontal and vertical
direction, and as they stay orthogonal on Σ (Lemma 2.4 (3)), we have the claim. 
Lemma 12.16. For every  > 0, there is R > 0, such that, if z ∈ C˜ satisfies d(z) > R, then
the maximal ball centered at z is -close to the maximal ball of the corresponding exponential
map.
Proof. As the Epstein maps of C and exp are close, their developing maps are also close.
This implies the closeness of their maximal balls centered at z and their ideal points. 
The proposition follows from the above lemmas. 12.14
Proposition 12.17. Suppose that ρ∞(m) = I. Then for every diverging sequence t1 < t2 <
. . . , up to taking a subsequence, there are a sequence of compatible markings ιi : S → τti and
a path of cylinders At in Ct homotopy equivalent to m, such that in addition to Theorem
12.1 (1), (2), (3), the following holds:
(1) A maps to Ai := Ati by ιi := ιti;
(2) βti ◦ κ˜ti : S˜ → H3 converges to a ρ∞-equivariant continuous map S˜ → H3 ∪ CP1
uniformly on compact subsets;
(3) for each connected component F of S˜ \φ−1(A), the restriction of βtiκti to F converges
to the pleated surface of the corresponding component of C∞ or the constant map to
a point of a∞;
(4) letting A˜t be a connected component of φ−1t (A) in S˜, then βti ◦ κ˜ti |A˜t converges to a
map onto a∞ uniformly on compacts in A˜ with respect to a disk metric on H3 ∪CP1.
Remark 12.18. If βi◦κi|F is a constant map, then ρ∞(F ) must be the trivial representation
by the equivariance property.
Proof. For t  0, there is a one-parameter family of loops homotopic to m such that their
developments are invariant under a unique one-dimensional subgroup Gt of PSL(2,C). Then
we can pick a cylinder At in Ct homotopy equivalent to m, such that
• At is foliated by loops whose developments are invariant under Gt for each t 0,
• Ct \ At converges to C∞ as t→∞, and
• ModAt →∞ as t→∞.
By the second property, At is contained in a thinner and thinner part of Ct as t→∞. Then
the developing map of At is the restriction of exp: C → C∗ to a bi-infinite strip Tt, i.e. a
region in C bounded by a pair of parallel lines. Then its deck transformation group (∼= Z)
is generated by a translation of Tt. Then At has a natural Euclidean metric by identifying
C with E2.
Pick a cylinder A in S homotopic to m, and fix a finite volume Euclidean structure on
A with geodesic boundary (by picking a homeomorphism A→ S1 × [−1, 1]).
Pick a marking ιt : S → Ct such that
• ιt takes A to At ((1));
• the restriction of Ct to ιt(S \ A) converges to C∞;
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• ιt|A is linear with respect to the Euclidean structures on A and At.
Given a component F of S˜ \ φ−1(A), suppose that fti |F converges to a developing map
of the component of C∞. Then, accordingly, βi ◦ κ˜i|F converges to a pleated surfacer for
the corresponding component of C∞. By Proposition 12.10, if fti |F does not converge to a
developing map, then βi ◦ κ˜i|F converges to a constant map. Thus we have (3).
We can assume that the most of the twisting of Ct along m (given by Theorem 12.1(2)
) occurs in At.
(Case One) Suppose that a∞ := limi→∞Axis ρti(m) is a biinfinite geodesic. We have
already fixed a Euclidean structure on the cylinder A. Pick a connected fundamental domain
D in the universal cover S˜ so that D ∪ φ−1(A) is single a single parallelogram P which is a
fundamental domain for A˜. Let e and h be the opposite edges of P which map onto different
boundary circles of A. Then fti(e) and fti(h) are arcs contained in a Gi-invariant curve on
CP1, and, by Lemma 12.13, they converge to the different endpoints of a∞. The four edges
of Pi ⊂ C are asymptotically parallel as i→∞ as the twisting parameter diverges to infinity
(i.e. the angles at the vertices converges to either 0 or pi). We may, in addition, assume that
sup{ Im(z − w) | z, w ∈ Pi } → 0 as i→∞. The complex length of e and h converges to an
integer multiple of pi/
√
2 as i→∞ as ρt(m)→ I.
Recall that ρti(m) is hyperbolic if i is large enough. Then the foliation of C by horizontal
lines induces a foliation Fi of Pi.
Claim 12.19. For every  > 0 is i ∈ Z>0 is sufficiently large, then, for each leaf s of Fi,
βi ◦ κi(s) has diameter less than  and it is contained in the -neighborhood of the geodesic
Axis ρi(m).
Proof. Note the distance of At from zeros of qt diverges to ∞ as t→∞. By Lemma 2.4 (1),
the diameter of each arc is less than  > 0.
Recall that, as the convergence Ct → C∞, by Theorem 12.1(3c), fi(e) and fi(h) converge
to the end points of the limit axis a∞. Then by Proposition 12.14, βi ◦ κi(e) and βi ◦ κi(h)
are -close to the axis ai of ρti(m), by taking an appropriate At. Then, if a leaf s of the
horizontal foliation Fti in Pi has an endpoint at the edge e or h, then βi ◦ κi(s) is -close
to βi ◦ κi(e) or βi ◦ κi(h). Thus, as sup{| Im(z − w)| | z, w ∈ Pi} → 0 as i → ∞, by the
equivariant property, all leaves of Fti have this property. (Figure 16) 
Figure 15.
Then by Claim 12.19 implies (4)
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Figure 16.
(Case Two) Suppose that a∞ is a single point on CP1. Then, by Proposition 12.11,
f∞(`) = f∞(r).
Pick any horoball B in H3 tangent at a∞. For each i, pick a subset Ui ⊂ H3 converging
to B uniformly on compacts, such that, if ρi(γ) is either hyperbolic or elliptic, then Ui is an
ri-neighborhood of ai for some ri > 0, and if ρi(γ) is parabolic, then Ui is a horoball centered
at the parabolic fixed point of ρi(γ).
For sufficiently large i, Let Ni be the -thin part of τi homotopy equivalent to m. Let N˜i
be a component of ψ−1i (Ni), where ψi : H2 → τi be the universal covering map.
Lemma 12.20. If  > 0 is sufficiently small, then βi(N˜i) is eventually contained in Ui as
i→∞. Therefore, βi ◦ κi|A˜ converges to the constant map to the point a∞.
Proof. Let P and R be the components of S˜ \ φ−1(A) adjacent across a lift A˜ of A which
corresponds to N˜i. If βi(N˜i) is not eventually contained in Ui, then, either ρi| StabP or
ρi| StabR diverges to ∞, up to a subsequence, which is a contradiction. 
12.17
12.0.2. Convergence of holomorphic quadratic differentials when ρ∞(m) = I. In the case
that ρ∞(m) = I, the singular Euclidean structure Eti contains a flat cylinder At homotopic
to m, such that ModAt → ∞ and the complex length of its circumference converges to a
positive multiple of pi/
√
2, by Proposition 5.2. Therefore
Proposition 12.21. Let C∞ be the limit of Ct in Theorem 12.1 (3b). Then, in the Schwarzian
parameters of C∞ are a Riemann surface with two punctures homeomorphic to S \ m and
a holomorphic quadratic differential q∞ which has a pole of order two at each puncture and
their residues are the same non-zero integer multiple of
√
2pi.
12.1. Non-discreteness of holonomy.
Theorem 12.22. Suppose that ρ∞(m) = I. Then Im ρt ⊂ PSL(2,C) is a non-discrete
subgroup for sufficiently large t 0.
Proof. Recall that ρt(m) → I but ρt(m) 6= I (Theorem 12.1(1)). For each component F
of S \ m, ρt(pi1(F )) is nontrivial for sufficiently large t  0 (Proposition 12.3). Thus the
subgroup of Im ρt generated by { ρt(m)γρt(m)−1 | γ ∈ ρt(F ) } is non-elementary (Lemma 12.5
and Proposition 12.6). As ρt(m)→ I, by the Margulis lemma, Im ρt can not be discrete. 
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13. Examples of exotic degeneration
We construct examples of a path Ct = (ft, ρt) of CP1-structures pinched along a loop m
such that ρ∞(m) = I and [ρt] converges in χ as t→∞, as in the second part of Theorem 8.2.
Indeed, we construct two examples: one with ρt(m) hyperbolic and one with ρt(m) elliptic
for all t 0.
13.1. Hyperbolic ρt(m) converging to I. Let E be the singular Euclidean surface ob-
tained from an L-shaped polygon by identifying the opposite edges (Figure 17). Then E has
exactly one cone point, and its cone angle is 6pi. Let F be the underlying topological surface
of E, which is a closed surface of genus two. Let E ′ denote E minus the cone point, and let
F ′ denote the underlying topological surface of E ′.
a1
a2
b1
b2
Figure 17.
Let `p be the (oriented) peripheral loop around the removed cone point. Let ξ : pi1(F ′)→
PSL(2,C) be the holonomy of E minus the cone point; then, as F ′ has a Euclidean structure,
we can assume that its image consists of upper triangular matrices with 1’s on the diagonal.
In particular ξ(`p) = I (as before, by abuse of notation, we regard `p also as a fixed element
of pi1(S)). Notice that there is a point in the universal cover E˜ of E corresponding to
`p ∈ pi1(S).
Proposition 13.1. There is a path of CP1-structures, Dt = (ht, ξt), on F ′ converging to
E = (h, ξ) as t → ∞, such that ξt(`p) is a hyperbolic translation whose axis converging to
a geodesic connecting the parabolic fixed point of ξ∞ and the h-image of the corresponding
singular point of E˜.
Note that elements of Im ξ are translations of C. Pick non-separating simple closed curves
a1, b1, a2, b2 on E (as in Figure 17) forming a standard generating set of pi1(F ) so that
• for each i = 1, 2, ai and bi intersect in a single point, and [a1, b1][a2, b2] = I,
• the translation directions of a1 and a2 are the same and the translation direction of
b1 and b2 are the same, and• the translation directions of ai and bi are orthogonal for each i = 1, 2.
Let c be a separating loop on E which separates {a1, b1} and {a2, b2}. Then let F1 and
F2 be the components of F \ c which are homeomorphic to a torus minus a disk.
Lemma 13.2. Let qi be any geodesic in H3 starting from the parabolic fixed point p ∈ CP1
of HolE, and let Hi be the hyperbolic plane, in H3, containing an 〈ai〉-orbit of qi. For each
i = 1, 2, given any path hi,t (t ≥ 0) of hyperbolic elements in PSL(2,C) such that
(1) the axis of hi,t is orthogonal to Hi at a point in qi for all t ≥ 0, and
(2) ht,i → I as t→∞.
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v1,t u1,tv2,tu2,t
q
Figure 19.
Then, there is a path ζi,t : pi1(Fi)→ PSL(2,C) of homomorphisms converging to Hol(E)|pi1(Fi)
such that ζi,t(c) = hi,t.
Proof. The point p is contained in the ideal boundary of Hi. Let ri be a geodesic in Hi, such
that R(ri)R(qi) = ξ(ai), where R(ri) and R(qi) are the pi-rotations of H3 about ri and qi,
respectively (Figure 18).
qt,i q
′
t,i
rt,i
qi
ri
p
Hi
H⊥i
Figure 18.
Let H⊥i be the hyperbolic plane in H3 orthogonal to Hi in qi. As Axis(hi,t) is in Hi
and orthogonal to qi, we let qi,t, q′i,t be continuous paths of geodesics in H⊥i such that
R(qi,t)R(q
′
i,t) = hi,t, the geodesics qi,t and q′i,t converge to qi as t → ∞, and the pi-rotation
R(qi) exchanges qi,t and q′i,t. There is a path of geodesics ri,t such that, for all t 0,
• there is a hyperbolic plane intersecting rt,i, qt,i, q′t,i orthogonally, and
• dH3(rt,i, qt,i) = dH3(rt,i, q′t,i).
Thus by the symmetry, trR(qi,t)R(ri) = trR(q′i,t)R(ri) ∈ R \ [−2, 2].
The surface Fi \ ai is a pair of pants, and two of its boundary components correspond to
ai. Consider the path of homomorphisms ζi,t : pi1(Fi \ ai) → PSL(2,C) for t > 0, such that
the two boundary components corresponding to ai map to R(qi,t)R(ri) and R(ri)R(q′i,t)—
thus the other boundary corresponding to ∂Fi maps to R(qi,t)R(q′i,t) = hi,t (see [Gol09]).
Then, by Theorem 5.7, there is a path of CP1-structures on Fi \ ai with holonomy ζi,t which
converges to its component of E \ (c ∪ ai) as t → ∞ corresponding to Fi \ ai. As the
holonomy along the two boundary components are conjugate, for large enough t > 0, there
is a path of CP1-structures Σi,t on Fi which converges to the component of E \ c, so that
Hol Σi,t|pi1Fi = ζi,t. In particular, the holonomy of Σi,t round the puncture is the hyperbolic
element R(qi,t)R(q′i,t) = hi,t. 
Notice that H1 and H2 are totally geodesic hyperbolic planes in H3 tangent at p. We
in addition assume that H1 and H2 are different and H⊥1 = H⊥2 =: H. Pick a geodesic q
in H initiating from p contained in the region bounded by the geodesics q1 = H ∩ H1 and
q2 = H ∩H2.
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Proposition 13.3. We can choose, the path of the hyperbolic isometries h1,t, h2,t (given by
Lemma 13.2) so that their composition h1,th2,t is eventually a hyperbolic element whose axis
is q as t→∞.
Proof. Pick h1,t and h2,t such that their axes converge to the parabolic fixed point p. Since
h1,t and h2,t converge to I, their product h1,th2,t also converges to I in PSL(2,C).
For each i = 1, 2, let ui,t be the attracting fixed and vi,t be the repelling fixed point of hi,t.
We may first assume that the endpoints of Axish1,t,Axish2,t lie on ∂H in this cyclic order
u2,t, v1,t, v2,t, u1,t (Figure 19). The composition h1,th2,t fixes a point on the arc in ∂H between
v1,t and v2,t for each t > 0. Note that the segment contains p. Then as Axis(h1,t),Axis(h2,t)
converge to the parabolic fixed point p, there is a fixed point of h1,th2,t converging to p.
Moreover, as h1,t → I, one can continuously adjust the translation length of h2,t so that
h1,th2,t also fixes the other endpoint of q for sufficiently large t > 0.
Therefore h1,th2,t is a hyperbolic element with the axis q as t→∞. 
Let h1,t, h2,t ∈ PSL(2,C) be the paths given by Proposition 13.3. Then, by Lemma
13.2, for each i = 1, 2, we have a path of homomorphisms ζi,t : pi1(Fi) → PSL(2,C) such
that ζi,t(`) = hi,t for t  0. Then there is a unique path ζt : pi(F ′) → PSL(2,C) so that
ζt|pi1(Fi) = ζi,t for i = 1, 2; thss ζt(`p) = h1,th2,t. Then there is a path Dt of CP1-structures
on F ′ with holonomy ζt for t 0 such that Dt converges to E ′ as t→∞.
13.1.1. Constructing a closed surface from punctures surfaces. In order to make a desired
example of exotic degeneration, we take two copies Dt of CP1-surfaces with a single puncture
from the previous section, and glue them together with a lot of twists.
Theorem 13.4. There is a path of CP1-structures Ct = (ft, ρt) on a closed surface S of
genus four with following properties:
• The conformal structure Xt is pinched along a separating loop m; let F1 and F2 be
the connected components of S \m.
• ρt : pi1(S)→ PSL(2,C) converges in the representation variety as t→∞.
• Pick an element γ ∈ pi1(S) whose free homotopy class is m. Then ρ∞(γ) = I, and,
for all t > 0, the holonomy ρt(γ) is a hyperbolic element such that its axis at converges
to a geodesic a∞ in H3 as t→∞.
• Let F˜1, F˜2 be the connected components of S˜ \ φ−1(m) which are adjacent across the
lift m˜ of m invariant under γ. Then Ct|F˜1 converges to the developing map of a
CP1-structure on a genus two surface minus a point such that the puncture maps to
an endpoint of a∞ as t→∞.
• ft|F˜2 converges to the constant map to the other endpoint of a∞ uniformly on com-
pacts, and ρ∞|pi1(F2) is the trivial representation.
Proof. Recall that `p be the peripheral loop around p. Recall that the holonomy of E ′ is
parabolic, and the holonomy around the puncture of Dt is a hyperbolic element whose axis
at is converging to a geodesic starting from the parabolic fixed point of HolE ′ to the image
of the puncture of E˜ corresponding to `p.
For sufficiently large t > 0, there is a cusp neighborhood Nt of Dt such that Nt is foliated
by admissible loops whose developments are invariant under a one-dimensional subgroup
Gt of PSL(2,C) containing ξt(`p). We can assume that Nt changes continuously in t and
asymptotically the empty set on E as t → ∞. As Gt is a one-dimensional subgroup ρt(m)
of PSL(2,C), integer powers ρt(m)n for n ∈ Z continuously extends to real powers.
Let E˜ ′ be the universal cover of E ′. Pick any path of compact subsets Kt of the universal
cover D˜t converges to a compact subset in E˜ ′. Then there is a continuous function rt ∈ R
diverging to ∞ such that
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• ρt(m)rt devDt|Kt is asymptotically the constant map to the fixed point of ρt(m)
corresponding to the singular point of E˜,
• ρt(m)rt · Hol(Dt) is asymptotically the trivial representation, as t→∞.
Take two copies Σ1,t,Σ2,t of Dt \ Nt and glue them together along their boundary com-
ponents so that the amount of twisting is rt. Then we obtain a continuous family of the
resulting CP1-structures Ct on S. By the properties of rt, we can normalize the developing
pair of Ct so that
• Ct|Σt,1 converges to a developing pair of E ′, and
• the developing pair of Ct|Σt,2 converges to a pair of the constant map (uniformly on
compacts) and the trivial representation.
Thus we obtained a desired path of CP1-structures. 
13.2. Elliptic ρt(m) converging to the identity. In this section, we construct an example
of Ct = (f, ρt) in Theorem C such that ρt(m) is an elliptic element for all sufficiently large
t ≥ 0 and it converges to I as t→∞.
Given an elliptic element e ∈ PSL(2,C), normalize the unite disk model D3 ⊂ R3
of H3 centered at the origin, so that Axis(e) is contained in the axis of the third co-
ordinate. Let ζ ∈ (0, 2pi) be the rotation angle of e. Then define be : R → ∂H3 by
x 7→ (cos(ζx) sin ζ, sin(ζx) sin ζ, cos ζ) which is equivariant under Z→ 〈e〉.
Lemma 13.5. Let r be a geodesic in H3. Pick a parallel vector field V ⊂ TH3 along
r such that V is orthogonal to r. Then there are a path of (nontrivial) elliptic elements
et ∈ PSL(2,C) and a continuous function θt ∈ R≥0 satisfying the following:
• et → I as t→∞.
• Axis(et) orthogonally intersects r, and Axis(et) converges to an endpoint of r on CP1
as t→∞.
• Letting θt ∈ R be a continuous function such that the angle between Axis et (oriented)
and V is θt mod 2pi.• Let ut = 2θt. Then the rotation angle of eutt is pi for all t ≥ 0 (so that eutt takes r to
itself with the opposite orientation).
Proof. It is easy to construct an example satisfying the first three conditions. Then adjust
the rotation angle of et so that it also satisfies the last condition. 
Lemma 13.6. Let et be as in Lemma 13.5. Let p be the endpoint of r to which Axis(et)
converges. Pick a round disk D in CP1 containing p but not the other endpoint of r, so that
D \ {p} is a CP1-structure on a punctured disk. Then there is a path At of CP1-structures
on an annulus A with smooth boundary for sufficiently large t 0, such that
• At converges to D \ {p}, and
• letting `t be the boundary component of At converging to p, the development of `t is
equivalent to bet.
Proof. For sufficiently large t > 0, one can easily construct the fundamental membrane for
At for sufficiently large t > 0 (Figure 20).
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Figure 20.

Lemma 13.7. Let P be a pair of pants, and let ` be a boundary component of P . Let ˜` be
a lift of ` to the universal cover of P . Consider a (flat) Euclidean cylinder with geodesic
boundary, and let P∞ be the surface obtained by removing an interior point p of P∞. Then
regard P∞ as a CP1-structure on P , and let (h, ξ) be its developing pair, so that h takes ˜` to
a single point v on CP1. Let r be a geodesic in H3 connecting v and the parabolic fixed point
of h, and let et ∈ PSL(2,C) be a path of (non-trivial) elliptic elements given by Lemma 13.5.
Then there is a path of CP1-structures Pt = (ht, ξt) on P satisfying the following:
(1) For all t > 0, ξt(`) = et.
(2) Pt converges to P∞ as t → ∞. Let γt ∈ PSL(2,C) be a path of hyperbolic elements
with the axis r, such that γt Axis(et) converges to a geodesic g∞ in H3 orthogonal to
r as t→∞. Let H be the hyperbolic plane orthogonal to r which contains g∞. Then
the modified developing pair γt(ht, ξt) converges to a developing pair for a disk minus
a point, where the removed point is the attracting fixed point p of γt and the disk is
the component of CP1 \ ∂H containing p.
(3) Let `t be the boundary component of Pt corresponding to `. Then devPt along a lift
of `t is b`t (up to PSL(2,C)).
(4) Let α be a boundary component of P not equal to `. Then ξt(α) is hyperbolic element
for all t 0 (converging to a parabolic element as t→∞).
Proof. First we construct an appropriate path of representations ξt : pi1(P ) → PSL(2,C).
Let at denote Axis(et). Pick a pair of geodesics qt, q′t in H3 for each t > 0 such that
• R(qt)R(q′t) = et, where R(qt), R(q′t) ∈ PSL(2,C) are the pi-rotations of H3 about qt, q′t,
respectively.
• qt and q′t change continuously in t > 0,• qt and q′t intersect at the intersection at ∩ r,• qt and q′t are symmetric about r,• qt and q′t are orthogonal to at, and• qt and q′t converge to p as t→∞ (see Figure 21).
There is a path of geodesics ht (t ≥ 0) in H3 such that
• ht is disjoint from qt and q′t for all t ≥ 0, and
• ht converges to a geodesic h in H3 sharing an endpoint with r as t → ∞, such that
the composition R(r)R(h) is the parabolic holonomy along a boundary geodesic of
P∞.
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Let ξt : pi1(P ) → PSL(2,C) be such that the holonomy along boundary components are
R(ht)R(qt), R(qt)R(q
′
t), R(q
′
t)R(ht). Note that R(ht)R(qt), R(q′t)R(ht) are hyperbolic ele-
ments, as the rotation axes are disjoint, and they converge to the parabolic holonomy along
the boundary geodesics of P∞.
Pick a round disk D on P∞ containing p such that ∂D on CP1 bounds a hyperbolic plane
in H3 orthogonal to r. Then, apply Lemma 13.6 to D, let Dt be a path of CP1-structures on
an annulus converging to D \ {p}, so that it gives the desired path only near the punctured
of P∞.
Pick a smaller closed regular neighborhood of the puncture p of P∞, so that its comple-
ment K in P∞ and the interior of D\{p} form an open cover of P∞. Then K is topologically
a pair of pants. There is a path of CP1-structures on a pair of pants Kt for sufficiently
large t > 0 such that Kt converges to K and et is the holonomy of Kt around the boundary
component corresponding to `.
Then, by gluing Kt and Dt, we obtained a desired path of CP1-structures Pt.
qt q
′
t
r
at
H3
Figure 21. Realize et as the compositions of the pi-rotations about qt and q′t.

Proposition 13.8. Let Pt = (ht, ξt) be a path of CP1-structures on a pair of pants from
Lemma 13.7. Then there is a path Σt of CP1-structures on a closed surface F minus a point
which satisfies the following:
• There is a subsurface A of F whose interior contains p, such that A is homeomorphic
to a pair of pants, and Σt|A = Pt for large enough t > 0.
• Σt converges to a CP1-structure F∞ on F as t→∞.
Proof. First we construct the limit structure F∞. Take any complete hyperbolic surface τ
with a single cusp, such that τ is homeomorphic to a closed surface minus a point, denoted
by F ′. Pick a cusp neighborhood N of τ which is a horoball quotient. The pair of pants P∞
has two boundary components and one puncture. As the two boundary components of P∞
lift to horocycles, we can glue a copy of τ \ N along each boundary component of P∞. We
thus obtained a CP1-structure on a closed surface with a single puncture so that P∞ is its
subsurface.
There are paths ζ1,t and ζ2,t of representations pi1(τ)→ PSL(2,C) which converge to the
holonomy of τ as t → ∞, such that their images of the peripheral loop are R(rt)R(q′t) and
R(qt)R(rt), respectively, which are hyperbolic elements (c.f. [Gol09]). Let τ1,t, τ2,t be paths of
CP1-structures homeomorphic to τ\N for t 0 such that Hol(τ1,t) = ζ1,t, and Hol(τ2,t) = ζ2,t
and τ1,t, τ2,t converge to τ \N . We may in addition assume that the boundary components
of τ1,t, τ2,t are invariant under one-dimensional subgroups of PSL(2,C) containing R(r)R(q′t)
and R(qt)R(r), respectively.
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Then by gluing τt,1, τt,2, Pt along their boundary, we obtain a desired path Σt of CP1-
structures. 
Let Σt be the path of CP1 -structures, obtained from Proposition 13.8, on a compact
surface with one boundary component. Let Rt be the pi-rotation of H3 around the axis at
of the elliptic et. By Lemma 13.7(2, 3) , we can glue two copies of Σt by the involution
Rt, and we obtain a path of CP1-structures Ct on a closed surface, so that two copies of
Σt are embedded in Ct disjointly up to an isotopy. Let Σ1t = (h1t , ρ1t ),Σ2t = (h1t , ρ2t ) are the
subsurfaces of Ct corresponding to Σt. Then we have, by Lemma 13.5, we have
Proposition 13.9. Let Ct = (ft, ρt) be the path of CP1-structures as above, and let m be
the loop on Ct corresponding to the boundary components of Σ1t and Σ2t . Let N be the regular
neighborhood of m. Then
• ρt(m) converges to I as t→∞, and ρt(m) is an elliptic element for all t > 0;
• the axis of ρt(m) converges to the point p of CP1;
• ft : S˜ \ φ−1(N) → CP1 converges to a ρ∞-equivariant continuous map f∞ : S˜ \
φ−1(N)→ CP1, such that f∞ is a local homeomorphism in the interior;
• for each connected component N˜ of φ−1(N), the boundary components of N˜ map to
the corresponding limit p of the axis at.
at
euttat
Σ1t
e−utt Σ
2
t
Figure 22. The rotation of the axis at yields twist.
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